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Preface 


Gas dynamics of explosions is a subject that deals with the non-steady propagation of 
shock waves. The theoretical description of non-steady shock propagation requires, in 
general, the solution of the non-linear partial differential equations of compressible flow 
that govern the unsteady flow behind the shock. This requires the numerical integration 
of the conservation equations. However, there exist various analytical methods that can 
give approximate solutions and provide a useful alternative to the more involved numer¬ 
ical integration of the gas dynamics equations. Analytical methods can also render the 
physics of the problem more transparent. 

The material in this book is largely based on a course on shock dynamics that the 
author gave periodically since the 1970s. The objective of that course is to discuss the 
fundamentals of the non-steady gas dynamics and shock waves, where relatively few 
books on the subject are available. The choice of topics is that of the author and empha¬ 
sis is placed on presenting the basics of gas dynamics. Thus, relatively few practical 
problems and numerical results are given, and sample problems are only used to serve 
as illustrations of the method. 

Although the works of numerous authors are reviewed and developed upon, the book 
neither gives a comprehensive review of the extensive literature on the subject nor pro¬ 
vides a detailed bibliography. It is felt that references can readily be obtained via an 
internet search. The few references that are given are mostly limited to the few early 
studies where the method was developed. 

The author is extremely grateful to Dr. K. Ramamurthi who made valuable contri¬ 
butions and carried a very thorough reading of the manuscript. Dr. R Thibault and 
Mr. M. Gaug also carried out proof reading of the manuscript. Drs. Qin Hui and Li 
Jian carried out the difficult task of typing the manuscript from the author’s handwritten 
draft. 


Basic Equations 


Introduction 

This chapter provides a brief review of unsteady gas dynamics and properties of shock 
and detonation waves. The medium of propagation of shocks and detonations is consid¬ 
ered to be a perfect gas. The thermodynamics of perfect gases are first reviewed. The 
conservation equations in various variables (i.e., p, p, u, c, etc.) and in different coor¬ 
dinates systems, for example, Eulerian, Characteristic, Lagrangian, etc., are thereafter 
discussed. A brief discussion of waves of small amplitude (acoustic) and finite ampli¬ 
tude is given. Wave propagation is the foundation of non-steady compressible flows. The 
conservation equations across normal shock waves and the Rankine-Hugoniot relation¬ 
ships are then presented. This chapter is meant to provide the background to facilitate 
the reading of subsequent chapters. 


Thermodynamics 


We shall consider a perfect gas throughout this book. The equation of state for an ideal 
gas is given by 


or 


pu = RT, 
p = pRT, 


( 1 . 2 . 1 ) 


where v = j is the specific volume, and R = is the gas constant, R„ = 8.314J/mol-K 
is the universal gas constant and M is the molecular weight. The relationship between 
the energy functions (internal energy e and enthalpy h = e + pv) and the state variables 
is known as the caloric equation of state. For an ideal gas, e and h are functions only of 
the temperature, and we write 


e = c B T, 
h = c p T, 


( 1 . 2 . 2 ) 


where c„ and c p are functions of the temperature only. The relationship between c p and 
c„ is 


Cp Co — R- 


(1.2.3) 
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Basic Equations 


The ratio of the specific heats is denoted by y, that is, 

y = ^. 

C v 

In terms of p and p, Eq 1.2.2 can be written as 

RT pv 


e = c v T = 


y - i y — i p(y - i) 

, T yRT ypu yp 

' y -1 y -1 P(y-i) 


The speed of sound is defined as 


and for a perfect gas for which y is constant, we write 

c 2 = yRT = —. 

P 

The entropy function, s, can be obtained from the relationship 
Tds — de + pdv — dh — udp. 

For a perfect gas with constant y, the above equations give, 


•?2 - S\ 
R 


= In | — 
T\ 


V 2 


»1 


- = In ^ — 


P2 


P 1 


For an isentropic process where d? = 0, Eq 1.2.8 yields 


7 = r lB r 1 = 

Ti T\ 


= constant. 


= constant. 


Pi Px P v 

Using the equation of state to eliminate T, we write 


pv y = — = constant. 

P y 


(1.2.4) 


(1.2.5) 


( 1 . 2 . 6 ) 


(1.2.7) 


( 1 . 2 . 8 ) 


(1.2.9) 


( 1 . 2 . 10 ) 


The speed of sound can often be used to represent the energy function e and /?. From 
Eqs 1.2.5 and 1.2.6, we obtain 


y(y - i) 


h = 


Y ~ 1 


e = 


( 1 . 2 . 11 ) 
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Conservation Equations 


We shall consider an inviscid, non-heat-conducting perfect gas. The conservation equa¬ 
tions (Euler’s equations) are given as 


Dp ^ 

— + pV u = 0, 
Dr 


Dz7 1 —> 

— H— V p = 0, 
Dr p 


Ds De Di d/z 
T— = — + p —^ = — 
Dr Dr Dr Dr 


15e = o, 

p Dr 


(1.3.1) 

(1.3.2) 

(1.3.3) 


where 


D 

Dr 



—y 
• V . 


Equation 1.3.3 determines the change in entropy of a fluid particle as we follow its 
motion. When every particle has the same entropy, then s = constant throughout. This 
is generally referred to as “homentropic” flow. 

Using Eq 1.3.1 to eliminate ^ in Eq 1.3.3, we obtain 


De p 

-h — V ■ u= 0. (1.3.4) 

Dr p 


Expressing the internal energy in terms of the sound speed (Eq 1.2.11), Eq 1.3.4 can 
be written as 


Dc 

Dr 



c V ■ u = 0. 


(1.3.5) 


The above equation is valid for particle isentropic flow. If this condition is not met, 
Eqs 1.3.3 and 1.3.5 give 


Dc 

Dr 



c Ds 

^ Dr ’ 


(1.3.6) 


which is valid for non-isentropic flow. Using Eq 1.3.6, the momentum equation 
(Eq 1 .3.4) can be written as 


Du 

Dr 


+ 



T Vs = 



(1.3.7) 


For particle isentropic flow or when there is no entropy gradient, where V s = 0, the 
right hand side of Eqs 1.3.6 and 1.3.7 vanishes. 






4 
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Most of the time, we shall be considering one-dimensional non-steady flow with pla¬ 
nar, cylindrical, and spherical symmetries. Equations 1.3.1 and 1.3.2 then become 


dp dp du jpu 

- -f- W- -b p — -(- - 

dt dr H dr r 


= 0 , 


du du 1 dp 

-b u -1-= 0 

dt dr p dr 


(1.3.8) 

(1.3.9) 


where j = 0, 1, 2 for planar, cylindrical, and spherical geometries, respectively. Simi¬ 
larly, we may write Eqs 1.3.6 and 1.3.7 as 


dc 

~dt 


dc 

i — 

dr 



( Y ~ l \ JCU 
V 2 Jr 


( y — 1 \ cDj 
V 2 ) RDt’ 


(1.3.10) 


du du 2c dc c 2 ds 

— + U -h-—-. 

d1 dr y — 1 dr yR dr 


(1.3.11) 


For particle isentropic flow, the right hand side of Eq 1.3.10 vanishes. If the entropy 
also is uniform, that is, §7 = 0, then the right hand side of Eq 1.3.11 also vanishes. Thus 
for homentropic flow, we write 


dc 

dc l 

fy - 1 

\ du 

d~t 

+ "a; + < 

b 2 

) C 3r 


Y ~ l \ jcu = Q 
2 Jr 


(1.3.12) 


3m du 2c dc 

— -b U — -b- 

dt dr y — 1 3 f 


(1.3.13) 


Equations 1.3.12 and 1.3.13 give a pair of equations for the dependent variables u 
and c. With c known, the pressure and density can be obtained from the isentropic 
relationships. 

Equations derived previously (Eqs 1.3.8-1.3.1 3) are based on the Eulerian description 
where the flow variables are specified as a function of the position and time, that is, 
p(r, t), p{r, t), etc. An alternate description is the Lagrangian description where the 
fluid state of a particle is specified as a function of time. The Lagrangian variable, 
a, is generally chosen to be the initial position of the fluid particle. At a later time, 
t, the position is given by r(a, t). The conservation equations for the general case of 
two- or three-dimensional flows in Lagrangian coordinates are quite complex. We shall 
consider only one-dimensional flow here. For simplicity, we shall derive the equations 
for spherical symmetry first and then generalize them for other geometries afterwards. 

Let the initial position of a particular fluid particle at t = 0 be a. At a later time t, the 
position of the particle will be r(a, t ). Thus the mass in the spherical shell, po47ta 2 da, 
at t = 0 will be p4Ttr 2 dr at a later time t. The conservation of mass is then given by 


P(,4Tia 2 Aa = p4jrr 2 d.r(a, t ). 


(1.3.14) 


dr dr 

d r(a, t ) = —dt H-da, 

dt da 


Since 
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at constant time t, j- = (|and the conservation of mass can be written as 

9r\ _ Po /a 
da), p \r 


(1.3.15) 


The conservation equation for momentum of the particle at time t, can be written as 
{pAni^dr)( — J = — 4nr 2 dp , 


and using Eq 1.3.15, the above expression becomes 


9w\ = _±M7^\ 

dt) a Po\a) \da) t 


(1.3.16) 


For particle isentropic flow, the entropy of a fluid particle remains constant with time. 
Thus 


ds\ 

(1.3.17) 

Generalizing to planar and cylindrical geometries, we write Eqs 1.3.15 and 1.3.16 as 


dr_ - 

da p \r / 


(1.3.18) 


and 


du 

97 


(1.3.19) 


1 /flV dp 

Po v / da’ 

where j = 0, 1, 2 for planar, cylindrical, and spherical symmetries, respectively. It is 
understood that a is kept constant for the partial differentiation with respect to t and 
vice versa in Eqs 1.3.15. 


1.4 


Characteristic Equations 


Euler equations are hyperbolic and have real characteristics. It is often convenient to 
integrate these equations along the characteristics. To obtain the conservation equa¬ 
tions in characteristic form, we use the method of multipliers. Multiplying Eq 1.3.10 
by a and Eq 1.3.11 by /I and adding the resulting equations, we obtain after some re¬ 
arrangements, the following: 


9 

~dt 


- -r KH- 


a \ y — 1 


9 ' 

dr 


c + - 
a. 


9 

97 


a ( v — 1 
u -j- — 


9 ' 

dr 


y — 1 jcu y — 1 c DS P c 2 ds 
2 R Dt a yR dr 


2 r 


(1.4.1) 
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We wish to write the above equation as a total differential equation of the form 

dc du y — 1 jcu y — 1 c Ds /3 c 2 ds 
dt a dt 2 r 2 R Dt + a yR dr 

Since c and u are functions of r and t, we write 

dc dc dc / dr 

d t dt dr \dt 

du du du / dr\ 

dt dt dr I dt / 


From Eq 1.4.1, we see that 

dr fi 

— = u — 
dt a \y — 1 

Solving for the multipliers, we get 


a (y — 1 
c = »+- 


- = ± 
a 


Y- 1 


and Eq 1.4.1 can then be written as 


d d ' 

3, +i “ ±C) Vr 


C zb 


Y- 1 


9 9 ' 

Vt +{U±C) Yr 


Y — 1 jcu y ~ 1 c Ds y ~ 1 c 2 9s 

2 T + 2 R Dt ± 2 ^y~R~dr 


(1.4.2) 


(1.4.3) 


The characteristic curves are given by 


dr 

— — u ± c. 
dt 


We may write Eq 1.4.3 alternately as 


where 


2c \ jcu c Di y — 1 c 2 ds 

. - ±U \ = -1-=h-. 

St V y — 1 7 r R Dt 2 yR dr 


8 9 9 

— =-h (« ± c) —. 

9t 9t 2 9r 


(1.4.4) 


(1.4.5) 


(1.4.6) 


Defining ± u, Eq 1.4.5 may be written as 

8 , jcu cDs , c 2 9i 

— J ± = - 1 -±-. 

St r R Dt yR dr 

For particle isentropic flow (^ = 0) and if the entropy is also uniform, then = 0 
and Eq 1.4.6 reduces to 

SJ± iCU (1.4.7) 


8t 


jcu 

r 
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For planar geometry where j = 0, Eq 1.4.7 can be integrated to yield 


J = constant = 


y — 1 


-c ± u. 


If c = Co when u = 0, then 

= 

and solving for c gives 

or 


Y — 1 


-c ± u = 


Y- 1 


co, 


y - 1 

c = Co =F -M, 


(1.4.8) 


M = ±- 


y — i 


(co - c). 


The above equations give c(u) or u(c), and we may also express c and u in terms of 
the Riemann invariants J ± , that is, 


J+-J- 


Y ~ 1 [J + +J~ 


(1.4.9) 


Using the above equations we can write the characteristic equations (Eq 1.4.4) as 


d r 
d t 

dr 
d t 


= u + c = 


= u — c = 


J+-J- 

2 

J+ - J- 


Y - 1 (J + + J- 


y - 1 / J+ + J- 


(1.4.10) 


(1.4.11) 


Since J + = constant along a C + , (gf) + will depend on the value of J~. Similarly for 
a C~, the slope (^) will depend on the value of the J + . For a uniform flow where 
J + and J~ are constants, (^) = constant and the characteristics become two sets of 
parallel lines. 

For a non-steady flow adjacent to a uniform or stationary region, the Riemann invari¬ 
ant from the uniform region will be transmitted to the non-steady region via the char¬ 
acteristic. Thus one of the two Riemann invariants will be constant throughout both 
regions. Figure 1.1 shows the uniform and non-uniform regions. A./ from the uniform 
region will be carried by a C~ characteristic into the non-steady region. 

rC 
y- 

is, if 


Thus c — u is constant throughout and if u = 0, c = co in the uniform region, that 


y -1 


-c — u 


rC o, 


co fl- 


y-i 


then 


2 


(1.4.12) 
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Hence, a C + in the non-steady region will then be given by 


d r 

— =u+c = co¬ 
at 


K+l 


-u, 


which integrates to yield the trajectory of the C + as 


r = | c 0 + ^y- 1 u ) t + f(u), 


(1.4.13) 


where the constant of integration /(«) can be determined from initial or bound¬ 
ary conditions. Along a C + , J + = yzjC + u — constant and using Eq 1.3.12, J + = 
(2 c — co). Thus, each C + is characterized by a value of u (or alternately a value 
of c). 

Similarly, if a C + carries a J + from a uniform region into the non-uniform region and 
the uniform region is defined by u = 0, c = cq, then 


and thus 


J+ 


2 2 

- c + u = -co = constant, 

V ~ 1 Y ~ 1 


y - 1 

c = co --— u. 


AC in the non-uniform region is thus 


dr 
d t 


= u — c = —cq + 


K + l 


ii. 


(1.4.14) 


2 


(1.4.15) 
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which integrates to yield 


r = ^-o + 1 + /(«)• 

Combining Eqs 1.4.13 and 1.4.16, we write 

r = ^±cq + y + uj t + f(u), 


(1.4.16) 


(1.4.17) 


for the trajectories of the Ci 1 in the non-uniform region adjacent to a uniform region 
where u = 0, c — cq. 

For the particular case where the characteristics originate from a point (e.g., x = 0 at 
t = 0), then f(u) — 0 and Eq 1.4.17 becomes 


r = (±c 0 + Y + ^ t. 

Solving for u, we get 

u 2 / x \ 
Co y + 1 \ c o ? 1,1 / 

From Eqs 1.4.12 and 1.4.14, we get 


— = 1 ± Y + 1 U 
cq 2 co 



Y + 1 V 2 cot ) 


(1.4.18) 


(1.4.19) 


(1.4.20) 


The pressure, density, and temperature can be obtained using the isentropic relation¬ 
ships and Eq 1.4.20, that is, 


p / T \ y- 1 / c \ >'- 1 

Po V / \c 0 / 


= 


Po 


( T 

\To 


Equations 1.4.12, 1.4.14, and 1.4.17 describe what is referred to as a “simple wave” 
flow. 


Acoustic Waves 

Small flow perturbations propagate as acoustic waves governed by the linear wave equa¬ 
tion. Writing p — p 0 + p ', p = p 0 + p ', u = it' where « 1, 1, and ^ < 1, 

y 0 A'O L 0 
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Eqs 1.3.1 and 1.3.2 reduce to the following equations when second-order terms are 
neglected. 


3 P' 
3 1 

+ V . 

Pou’ 

= 0, 

(1.5.1) 

3tT 


-^ \ -t! 1 - ~ / 



— 

+ u 

• V ) it + — V p' 

= 0. 

(1.5.2) 

dt 

\ 

> Po 



For low frequency perturbations, the convection term is small compared to the non¬ 
steady term, and Eq 1.5.2 becomes 


3 u' 


— vy = o. 

Po 


Since c\ = Eq 1.5.1 can be written as 


V 

3 1 


+ poCq V • u — 0, 


and taking the divergence of Eq 1.5.3 and combining with Eq 1.5.4, we get 


3 V 


■ cgvy 


= 0, 


(1.5.3) 


(1.5.4) 


(1.5.5) 


which is the linear wave equation in the variable p'. Defining a velocity potential </> such 
that V (j) = it', we may write Eq 1.5.3 as 


—> 3 <f> 
V — 
3 1 


"V — = 0. 
Po 


Hence 


P = -Po 


3 4> 

dt' 


Differentiating the above equation with respect to time, 

3 p' 3 2 (p 

IT ~ ~ Po ~dt^’ 

and replacing ^ in Eq 1.5.4 by the above equation yields 

<P„ - eft 2 # = 0, 


(1.5.6) 


(1.5.7) 


which is the linear wave equation in the perturbation velocity potential, 0. For one¬ 
dimensional planar, cylindrical, and spherical waves, Eq 1.5.7 can be written as 

< Ptt- L ^(r i <P r )=0, (1.5.8) 

r j dr 

where j — 0, 1,2 for the planar, cylindrical, and spherical geometries, respectively. 

For the planar case j — 0, the solution ofEq 1.5.8 is given by 


0 = f\(r ~ c (] t) + f 2 (r + c 0 t), 


(1.5.9) 


1.6 Acoustic Radiation 
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corresponding to two sets of waves ( r cot = constant). The solution at any field point 
(r, t) is due to the superposition of perturbations carried there by the waves r q= cot = 
constant. For spherical wave (J — 2), the solution of Eq 1.5.8 is given by 

<P(r, t) = -fi(r - c 0 t)+ -fi(r + CQt). (1.5.10) 

r r 

in contrast to planar waves which propagate with constant amplitude and wave form, 
the amplitude of spherical waves varies with ~ r but the profile remains invariant. 

The solution for cylindrical waves is more complicated. However since Eq 1.5.8 is 
linear, we can construct the solution by superposition of the solutions of spherical waves 
from elementary point source theory. 


1.6 


Acoustic Radiation from a Spherical Expanding Piston 


As an example, consider a spherical piston expanding from the origin r = 0 at t — 0 
with a constant velocity u p — aco, where a <£ 1. The piston path is given by r p = acot. 
Since only outgoing diverging waves are involved, the solution is given by 

<P(r, 0 = -f(r — c 0 t), 
r 

and the particle velocity and pressure can be expressed in terms of <j> as 

u = <p r = -f - 4 /’ 

r r z 

' P° C ° f 

p = -po<p t = -/ . 

r 

At the piston surface, r — acot, u' = u p = aco, 

u p = ac 0 = — /' {r p - c a t) - 4/ { r P ~ c 0 t ). 

r p r p 

Defining f = r p — ctf — ctf — 1^ = cot(a — 1), we write 


aco = -- + ) - 

acot 


a — 1 

a£ 




and solving for /), we get 


a co i «-i 

m = ^ A re+c^. 

or — 1 

To evaluate the constant of integration, we apply the initial condition t = 0, r p = 0, 
| = 0, /(£) = 0. Thus C = 0 and hence 


“CO h 2 


/(?) = 
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Since £ = r — cot, the above equation can be written as 

a 3 co 

f(r - Cot) = -r(r - c Q tf. 

a z — 1 

The particle velocity and pressure can be obtained as 



At the piston surface r = r p = acot, Eq 1.6.2 gives 



( 1 . 6 . 1 ) 


( 1 . 6 . 2 ) 

(1.6.3) 


The pressure at the piston face is given by Eq 1.6.3 as 


2pqcIot 
a + 1 


(1.6.4) 


The above results were obtained by Taylor (1946). 

Acoustic radiation from a uniformly expanding piston starting initially at the center 
of symmetry has a self-similar solution also. 

The acoustic equation is given by Eq 1.5.7 as 


<t>,t ~ c~ 0 (prr - 




= 0, 


(1.6.5) 


where the subscripts r, t refer to differentiation with respect to r and /, Cq is the sound 
speed in the undisturbed medium, and j = 1,2 for cylindrical and spherical geometries, 
respectively. We shall seek a similarity solution to Eq 1.6.5 of the form 


<p(r,t) = c 2 0 tF(%), 


( 1 . 6 . 6 ) 


where § = ^ is the similarity variable. (Here </> denotes the velocity potential.) Using 
Eq 1.6.6, the acoustic wave equation becomes 

(§ 2 - 1)F"(£) - = 0, (1.6.7) 

where prime denotes differentiation with respect to £. Defining G($) = F'(i ;), Eq 1.6.7 
becomes 

(f 2 -l)G'(£)-^p = 0, (1.6.8) 

which integrates to yield 


l -§ 2 

f 2 


1 

2 


G($) = C 


(1.6.9) 
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where C is the constant of integration and can be evaluated using the boundary condi¬ 
tions at the piston, that is, § = % p = ^ = a, u = r p = aco . Since u = (p r = cqF'(%) = 
cqG(%) at the £ = u p = cqG{^ p ) = aco, G(f p ) = a, the constant of integration can 
be obtained as 



The solution for G(§) then becomes 


G(£) = a 




(1.6.10) 


Since u' = (p r = coG(f), the solution for the spherical case where j —2 gives 


u! 

co 


a 


3 


1 — a 2 




( 1 . 6 . 11 ) 


To obtain the pressure, we integrate G(§) to obtain F (£), that is, 


F($) = 



l-§ 2 

f 2 


j 

2 


d$, 


and for j = 2, the above equation integrates to yield 


where K is a constant of integration. From the boundary condition £ = 1, F(£) = 0, we 
obtain K = 2C\ thus 


F(K) = 


-C(g- l ) 2 

% 


« 3 (^-l) 2 

a 2 — l £ 


( 1 . 6 . 12 ) 


The pressure perturbation is given by p' — —po<p, — —poc^[F (%) — t;F '(%)] and sub¬ 
stituting the expressions for F (%) and F'(t-) — G(£) into the above equation gives 


A p' 


PoCpa 3 
a 2 — 1 


1 — — I = 


PoCq« 3 
a 2 — 1 


1 _ 


which is identical to the result obtained by Taylor (1946). 
For the cylindrical case j = 1, Eq 1.6.10 gives 


G(£) = F'G) = or 


1 — a 1 


i-r 


and since u' = </>,. = cqF'(^ ), the velocity field is obtained as 



(1.6.13) 


(1.6.14) 
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or 


u 




(1.6.15) 


To obtain F(£), we integrate Eq 1.6.14 once more and obtain 


F&) = a 


1 — cr 


(1 -§ 2 )2 - In 


i + (i-r ) 2 


- K. 


To evaluate the constant of integration K , we use the boundary condition £ = 1, 
F(t- ) = 0. Doing so, K is found to be 0 and the solution is thus 


F{$) = « 


1 — a" 


( 1-| 2 )2 - In 


i + a-n* 


(1.6.16) 


The pressure field can then be obtained since p' = —po<p t = poCo[£G(£) — F(£)]. 
Substituting the solutions for G(f) and F(f) into the above equation gives 


PqCqOI 


1 — a* 


In 


1 + (1 - 


(1.6.17) 


For the planar case (J — 0), the solution simply gives a constant velocity distribution 
from the front to the piston face. 


1.7 


Waves of Finite Amplitude 


For waves of finite amplitude, the conservation equations (Euler’s equations) need to be 
solved. For planar waves {j = 0), Eqs 1.3.12 and 1.3.13 can be written as 


3c 3c 


3 1 dr 



(1.7.1) 


3 u 

37 


3 u 

t — 

dr 


2c \ 3c 
Y — 1 / dr 


(1.7.2) 


Riemann obtained a solution of the above equation for c{ u ) for simple waves. Rear¬ 
ranging Eqs 1.7.1 and 1.7.2, we write 


1 at Jr 
1 3 r)t 

(—) 

1 3 r)t 


— I U - 


— I u - 


Using the cyclic rule, that is, 


2 

2 


i c (& 

(d; 


y - 1 (I), 


-) f-) =-i. 

dtj r \drj c \dc) t 


(1.7.3) 

(1.7.4) 
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we obtain 


Hence 


dc' 


-1 


V 3 r/t 


(I ).(£), (!)/ 

(If),. 


\dr)t 


Similarly, we write 


and obtain 


Since u(r, t ), we write 




Similarly, we obtain 


lfc 0)’(l)„ = (!) c ’ wehave 



d« = (la 
dc (I),’ 


and 


dc = (I), 

d “ (I),' 

From Eqs 1.7.3 and 1.7.4, we obtain 


Y — 1 d« 

«H- 1 = ,-j 

2 dc y — 1 d« 


2 dc 
c- 


Solving for ^, we get 


d« 2 

dc y — 1 ’ 


(1.7.5) 


(1.7.6) 


(1.7.7) 


(1.7.8) 


(1.7.9) 


(1.7.10) 
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which integrates to yield 


2 

Y~ 1 


u = ± ( - ) c + constant. 


If u = 0, c = co, the constant can be evaluated and the above equation can be written 


as 


or 


u — ±--(c - c 0 ), 

Y - 1 

, Y - 1 

C = Co ± —-— u. 


(1.7.11) 


Equations 1.7.9 and 1.7.10 give 


Y — 1 d« 

U H- r - — = U ± C, 


2 dc 

and from Eqs 1.7.3 and 1.7.4, we obtain 


3 r\ 

3 1 ) 


) = u ± c, 

U,C 


(1.7.12) 


which integrates to yield 


r = (u ± c(u))t + f(u). (1.7.13) 

Using Eq 1.7.11 , the above equation can also be written as 

r = f ±c 0 + Y + u)t + f(u), (1.7.14) 

where /(«) is a constant of integration. The Riemann solution given above is the same 
as the solution using the method of characteristic given previously (Eq 1.4.17). Equa¬ 
tion 1.7.12 gives the propagation of finite amplitude waves which propagate at the local 
sound speed u ± c. For small amplitude waves where u — 0,c — co, Eq 1.7.12 reduces 
^ = ±co corresponding to the acoustic solution. 


1.8 The Piston Problem 

To illustrate the solution for finite amplitude waves, consider the non-steady isentropic 
flow generated by a piston whose path x p = i 1 !-. The ± sign corresponds to piston 
motion in the ±x direction, generating compression and expansion waves, respectively, 
as given in Fig. 1.2. The unsteady flow region is bounded by the wave front x = cot and 
the pistonx^ = ±at 2 / 2. Since only one set of waves is involved and they are propagating 
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Figure 1.2 Compression Waves and Expansion Waves from Motion of a Piston 


into a quiescent medium where u = 0, c = cq, the flow is described by the simple wave 
solution (i.e., Eq 1.4.17). 

( y + 1 \ r, 

x= I c 0 H-- —u 1 1 + /(«), 

or /( u ) = (x — cot) ~ ^ ^ ^ tit. (1.8.1) 

To evaluate / (u) we use the boundary condition at the piston surface x p = ±at 2 /2, 
where u = u p — ±at. Thus we write Eq 1.8.1 as 

at 2 y + 1 2 

f(up) = ±— - c 0 t - af, 

coup yu 2 p \ 

2 a J 


= T 


a 


( 1 . 8 . 2 ) 
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Figure 1.3 Formation of Shock from Converging Compression Waves 


Substituting the above equation into Eq 1.8.1 , we obtain the following quadratic equa¬ 
tion for u, that is, 

, / 2 cn Y + 1 \ 2a 

u +-1- (T at ) ) u =F — {cot - x) — 0. 

V Y Y ) Y 

Solving for u, we obtain 


u = — 


1 

Y 



1 - 


1 ± 


M 


2ya{cot — x ) 

(co T 


(1.8.3) 


The top and bottom signs denote compression and expansion solutions, respectively. 

For the compression solution corresponding to the piston path x p = +^y, the C + 
characteristics converge leading to shock formation when the characteristic coalesce at 
t = t*. This is shown in Fig. 1.3. At the shock front, (§D = oo, or (fD , = 0, 

where t* is when C + coalesces. Since x = ^co + t + f{u), = f'{u) + -t 

and equating to zero at t = t*, we obtain 


2 -/»U, 

Y + 1 


(1.8.4) 


Since f(u) = -(*& + (i.e., Eq 1.8.2), we get f(u) = - (f + ^) and eval¬ 

uating at the front x = cot, where u — 0, we obtain f'{u)\ x=Cot = —y. Thus Eq 1.8.4 
gives 


t* 


2c 0 

(y + Da’ 


(1.8.5) 


The distance for shock formation would be x* = cgt* 
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For the expansion solution corresponding to x p = — y-, there will be a maximum 
velocity u which occurs when the square root term in Eq 1.8.3 vanishes. Thus 


Umax 


1 

Y 



( 1 . 8 . 6 ) 


Since the particle velocity at the piston surface equals the piston velocity, u — u p = 
—at. The time t* when it = u p = z< max is thus —at* — — ^ (co + -at*^J and solving 
for t* gives 


t* 


2c 0 

(y - 1 )a' 


(1.8.7) 


Thus M max = —at* = — For t > t* , u p > — however, the gas can no longer 
follow the piston and a vacuum region is obtained as shown in Fig. 1.4. H max is referred 
to as the escape velocity. At the escape front, p = 0 and c — 0. 

A particular case of interest is the centered rarefaction fan due to an impulsively 
accelerated piston at t — 0 and moving at a constant velocity for t > 0, that is, x p = 
—Ut, Up = —U. This is shown in Fig. 1.5. For the particular case where f(u) = 0, 
Eq 1.8.1 becomes 


x 




■ 


and rearranging, we write 


u 2 / x 
c 0 y + 1 \co t 


( 1 . 8 . 8 ) 


At the head of the expansion fan, ^ = 1 and = 0. At the tail of the expansion fan, 
it = —U and 



K + l 


U 

co' 


2 


(1.8.9) 
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Figure 1.5 Centered Rarefaction Fan from an Impulsively Accelerated Piston 


There will be a uniform region between the tail of the rarefaction fan and the piston. 
The sound speed can be obtained from Eq 1.7.11 as 


- = 1 + 


co 


y — 1 « 
2 c 0 


2 

7TT 



Y ~ 1 x \ 
2 c 0 tj 


( 1 . 8 . 10 ) 


From the sound speed, the pressure and density can be obtained from the isentropic 
relationships as 


P_ 

Po 



" 2 
.yTT 


Y — 1 X \1 r- 1 
2 c 0 t) _ 


P_ 

Po 



" 2 
.yTT 


Y — 1 x \Y l 

2 cot) _ 


( 1 . 8 . 11 ) 

( 1 . 8 . 12 ) 


1.9 


Shock Waves 

A shock wave is a very thin compression wave that propagates at supersonic speed 
with respect to the gas ahead of it. Outside the extremely thin transition zone, transport 
effects can be ignored. If the changes in shock velocity are small over distances of the 
order of the shock thickness, the shock propagation can be considered as quasi-steady. 
Consider a shock wave propagating at velocity D into quiescent gas, shown in Fig. 1.6. 
The conservation equations across the shock are given by 

PoD = P\(D- «i), (1-9.1) 

Po + PoD 2 = pi + pi (D-ui f, (1-9.2) 


ho + 


D 2 

~2 


— h\ + 


(D — Mi) 2 


2 


(1.9.3) 
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Ui 

u 0 - 0 



-► 





D 

~ [D- ui) 

- D 

Pu Pi 

Po. Po 

Pi. Pi 

Po. po 


Moving Shock Stationary Shock 


Figure 1.6 Shock Wave Propagating at Velocity D 


From Eqs 1.9.1 and 1.9.2, we get 


«i _ j _ Po _ vo ~ vi 
D pi v 0 ’ 

D 2 

Pi - Po = PqDu 1 = —y(u 0 — Wl), 


(1.9.4) 

(1.9.5) 


where n = 4 is the specific volume. Equation 1.9.5 gives the shock velocity as 


D = v o 


Pi - Po 

VQ - Di 


From Eq 1.8.1 we obtain 


(D- Mi) = ui 


Pi ~Po 


(1.9.6) 


(1.9.7) 


Vo - Vl 

From Eqs 1.9.4 and 1.9.7, the particle velocity behind the shock can be obtained as 

mi = V(pi - Po)(vo - oi). (1.9.8) 


For D and u\ to be real, we note that p\ > po and vo > »i (or po < pi) correspond 
to a compression shock. If p\ < po, then vq < v\ (or po > pi) for an expansion wave. 
Considering the compression shock solution, Eq 1.9.5 can also be written as 


Pi_ 

Po 



D 2 


POVoJ Vo 


Vi 


(1.9.9) 


corresponding to a straight line in the (pv ) plane linking the initial (povo) to the shocked 
state (p\vi). Equation 1.9.9 is referred to as the Rayleigh line whose slope is propor¬ 
tional to the square of the shock velocity. 

Eliminating the velocities in the energy equation (Eq 1.9.3) gives 

1 

h\ - ho = -(pi -po)(v 0 + v\). (1.9.10) 

In terms of the internal energy, the above equation can be written as 

1 

ei - e 0 = ~(p\ + p o)(t>o - »i). 


(1.9.11) 
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Equation 1.9.10 (and 1.9.1 1) is referred to as the shock Hugoniot curve giving the locus 
of shocked states for different shock velocities and a given initial state. 

For a weak shock transition, we may expand h(p, s) about the initial state (po, so), 
that is, 


/3 h 

[dp 


h(p, s) = h 0 + ( — ) (pi - po) + - { ) Oi - Po) 


d 2 h 

dp- 


1 /a 3 /; 


6 \dp 2 


(dh 


7 rr to- Po) H-E ( — ) (^i — ^o) 


V ds 


(1.9.12) 


We need not consider terms higher than (si — so) since the entropy change is third 
order in the pressure change (p\ — po)- From the thermodynamic relationship 


we note 


dh = Tds + vdp = ( —^ ds - 


a -0) =r, 

dh\ 

dpJ s 




Thus we write Eq 1.9.12 as 


i (dv\ 

'n ~ h 0 = T 0 (s i - s 0 ) + «o(pi - Po) + - | — ) (P i 


1 (d 2 v 


dpJs 


+ 6 \d 7 )s (pi ~ po) + "' 

Writing the Hugoniot equation (Eq 1.9.10) as 

hi-h 0 = ~~{p\ - po) + ~(pi - Po), 
and expanding v,(p, s) about the initial state voipo, so), we get 


-Po) 


( dv 


V ds 


l (d 2 v 


V 1 = Vo + — (Si - So) H-h 7— (pi - po) 


dv \ 


d P/s 


2 \dp 2 


i /a 3 u 


~ hrr (pi-po) + 7 ton (p i - po) 


6 \dp 3 


Do 1 

h\ ~ho= — (pi -po)+ ~ 


(dv\ , 

vo(pi - Po) + — (p i - Po) 


Substituting the above equation into the Hugoniot equation, we obtain 

/dv 

\dp 

Ks?) - 1 


(1.9.13) 


( 1 . 9 . 14 ) 
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We do not consider the term (|j) (jj — so) since it is already third order in ( p\ 
Equating Eqs 1.9.13 and 1.9.14, we obtain 

1 / d 2 v 


- Po)- 


To( s i - .s'o) = +— — T (p\ - po) + ■ 


(1.9.15) 


12 \dp 2 

which shows that (si — so) is third order in (p\ — po) as mentioned earlier. From 
Eq 1.9.15, we note that (si —so) > 0 if the right hand side is positive. Since (j>\ — po) > 
0 for a compression shock, (si — so) > 0 if (0) > 0, since c 2 = » we note 

For a perfect gas with y — constant and c 2 = ^ = ypv, ^ 

and Thus > 0 and (si — so) > 0 for a compression shock in a 

perfect gas. Rarefaction shocks where (p\ — po) < 0 would correspond to (si — so) < 0 
for a perfect gas. Flowever, there are fluids where (§),< 0 and rarefaction shocks can 
then be realized. 

We can also demonstrate the behavior of the shock and particle velocity in the limit of 
a weak shock transition. Expanding p\(s, v) about the initial state po(so, uo), we write 

' 3 2 p' s 
dv 2 


Pi(s, v) = po + { — ) ( y i - Vo) + - ( T—j; ) (»i - °o) 


1 (&P\ 


6 \dv 3 J 


(«t - no) 


+ ( TT ) C?1 - So), 


3s 


and substituting the above equation into Eq 1.9.6 we get 


D 2 = -v 2 


-J- I + ~ I 7T“7 I ( U 1 — °o) + • • 


dv 


1 (d 2 p 


2 \dv 2 


(1.9.16) 


where the derivatives are evaluated at the initial state (po, vq). For the lowest order in 
(«i — Vo), the shock velocity is 


jy = -ot[ d /) =s 0 , 

dv 


(1.9.17) 


indicating that a weak shock corresponds to an acoustic wave. We may write Eq 1.9.16 
also as 


D 2 = c 2 


1 / d 2 p 


2 W 


(1.9.18) 


and since ui — no and j > 0 for normal fluids, we see that D 2 > Cg or the shock 
propagates at supersonic speed relative to the gas ahead of it. 


From Eq 1.9.8, we write 


u\ = {p i -po)(vo - »i), 


and substituting the expansion for p\(s, v) into the above equation, we obtain 
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Figure 1.7 Shock Hugoniot and Rayleigh Line 


Equation 1.9.18 shows D 2 is zeroth order in (iq — i>o), whereas Eq 1.9.19 shows u\ is 
second order in (t>i — uq). Thus, the particle velocity change across a weak shock is 
very small. 

For a perfect gas where the enthalpy is given by 


YP _ YPO 

O'-Op (/-I)’ 


(1.9.20) 


replacing the enthalpy in Eq 1.9.10 by the above equation, the Elugoniot equation can 
conveniently be expressed as a hyperbola of the form 


(y + a)(x — a) = ft, (1.9.21) 

where y = j^,x = a = and ft = 1 — or — . Since the Hugoniot repre¬ 

sents the locus of shock states and the Rayleigh line connects the upstream and down¬ 
stream states across the shock, the transition across a shock corresponds to the intersec¬ 
tion of the Rayleigh line with the shock Hugoniot as shown in Fig. 1.7. From Eq 1.9.1, 
we see that for strong shocks where y ~S> 1, x —> a or 

_ £i_ _ Po Y - 1 

vo Pi Y + 1 ’ 

giving the density ratio across a strong shock as 

fh = Y + 1 
Po Y ~ 1 


(1.9.22) 
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It is interesting to note that the shocked density ratio approaches a finite limit for 
strong shocks. For isentropic compression, the density ratio approaches infinity when 
the pressure approaches infinity. The limiting density ratio can be understood if we 
consider the shock pressure can be achieved in two steps: isentropic compression to 
the shock density ratio followed by constant volume (density) heat addition to the shock 
pressure. Thus it is the dissipative heating in a shock transition that results in the density 
limit. 

From Eq 1.9.4 the limiting ratio for the particle velocity can be obtained as 


mi _ j _ Po _ 1 _ Y ~ 1 _ 2 

D pi y + 1 Y + 1' 


(1.9.23) 


Since y is of the order of unity, we see that for strong shocks u\ —► D. The limiting 
pressure ratio can be obtained from Eq 1.9.5. Neglecting p 0 as compared to p\, we 
write 


D 2 

P l = — (»o - 
v o 


«i) = pD 2 



PoD 2 



or 


P\ _ 2 

p 0 D 2 y + 1' 


(1.9.24) 


Since y = 0[1], D = u\ and the shocked pressure p\ ~ pou\ corresponding to the 
dynamic pressure of the flow. 

From the Hugoniot equation (Eq 1.9.1 1), the internal energy is given as 


ei - e 0 = -(pi + Po)(v 0 -vi)= -p\v 0 
With ei eo, p\ po, the internal energy reduces to 

(, »i\ 

e \ = ^P 1»0 1 -■ 

2 V v 0 J 

From Eq 1.9.8, we get 



V\ 

Ml = Cpi - Po)(do -V\) = P\Uq 1- 

vo 


where we have neglected p o as compared to p \. Thus in the strong shock limit, the 

U 2 

internal energy approaches the kinetic energy, e\ = y. 

The shocked state (i.e., p\, p\. u\, etc.) can be expressed in terms of the initial state 
(po, po, etc.) and the shocked velocity (or Mach number, M s = £). Using the Rayleigh 
line (Eq 1 .9.9) to eliminate the pressure in the Hugoniot equation (Eq 1.9.21), we obtain 
a quadratic equation for the density ratio. Solving the quadratic equation and taking the 
appropriate root for a compression shock, we obtain 

Pi _ y + i _ (y + i)^ 2 

PO (y — 1) + 2r) (y — l)M 2 + 2' 


(1.9.25) 
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where r] = AsM s —>■ oo, ^ —>■ in accordance with Eq 1.9.22. Using Eq 1.9.22, 

the particle velocity is obtained as 


u\ _ — 1 ) _ 2 

D (y + 1 )M S 2 y + r 


(1.9.26) 


For strong shocks where M s —> oo, r) 0, the velocity ratio becomes 


«! 2 



as obtained previously (i.e., Eq 1.9.23). Similarly, the pressure can be obtained as 


Pi _ 2yMt-(y- 1) _ 2 / y-1 \ 

p 0 D 2 y(y + \)M 2 y+l\ 2 y 7 


(1.9.27) 


which reduces to Eq 1.9.24 in the strong shock limit. 

Equations 1.9.25-1.9.27 are referred to as the Rankine-Hugoniot relationships and 
are valid for shock waves in a perfect gas. Flowever, the basic conservation laws and all 
the subsequent discussions prior to the use of the equation of state for a perfect gas are 
valid for an arbitrary medium. 


1.10 Detonation and Deflagration Waves 


Detonation and deflagration waves are combustion waves across which energy is 
released from chemical reactions. Although these combustion waves are orders of mag¬ 
nitudes thicker than a shock wave, they are nevertheless small compared to macroscopic 
length scales of the problem in general. Thus, they can be approximated as thin fronts 
across which the quasi-steady one-dimensional conservation equations apply. Although 
there is a change in composition and fluid properties across the combustion front, we 
shall assume a perfect gas with constant y upstream and downstream of the wave. 
Chemical reactions are treated as external energy addition to the gas across the front. 

The conservation equations of mass and momentum are the same as those for a nor¬ 
mal shock given previously (i.e., Eqs 1.9.1 and 1 .9.2). However, the energy equation has 
to be modified to include the chemical energy release, that is, 


D 2 

ho + Q+Y 


= h\ + 


CP-Ml ) 2 
2 


( 1 . 10 . 1 ) 


where Q is the chemical energy released per unit mass across the combustion wave. The 
equations derived from the conservation of mass and momentum (i.e., Eqs 1.9.4-1.9. 9) 
across a shock wave apply to a combustion wave. However, the Hugoniot equation is 
now given by 


h\ - (. h 0 + Q)= ^Cpi — Po)(vo + ui), 


(1.10.2) 
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Figure 1.8 Overdriven, Chapman-Jouguet, and Weak Detonations 


or in terms of the internal energy, we write 

1 

e\ - (eo + Q) — ~{p\ + Pa){vo - »i). (1.10.3) 


For a perfect gas with constant y, where the enthalpy and internal energy are given 
by 


h = 


yp 

(v - 1 )p' 


p 

(r -1 )p’ 


Eq 1.9.2 (or 1.10.2) can be written as 


(y + ot)(x — a) — /J, (1.10.4) 

where a = ^rr, = 1 — a 2 + and cl = ypovo is the sound speed in the gas 
y ' 1 c o 

upstream of the front. Unlike a shock wave, the initial state (p o, t>o) orj = 1, x = 1 does 
not lie on the Hugoniot curve given by Eq 1.10.4. Thus the Rayleigh line (Eq 1.9.9) 

y=( 1 + \ ~ {D 2 p 0 v 0 )x, 

\ PoVoJ 

will intersect the Hugoniot curve at two points, that is, for a given front velocity, there 
corresponds two solutions for the downstream state: the upper overdriven detonation 
solution and the lower weak detonation solution (Fig. 1.8). 
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The initial state lies on the shock Hugoniot curve where Q = 0. The two solu¬ 
tions coalesce when the Rayleigh line is tangent to the Hugoniot curve. The tangency 
solution is the minimum velocity solution referred to as the Chapman-Jouguet detona¬ 
tion solution. There is no solution below the Chapman-Jouguet velocity as the Rayleign 
line no longer intersects the Hugoniot curve. 

For the Chapman-Jouguet solution, the slopes of the Rayleign line and Hugoniot 
curve are the same, thus 


dy 

dx 

and from Eqs 1.9.9 and 1.10.4, we obtain 

V-l 

1 — x* 

where we denote y*, x* as the Chapman-Jouguet state. Solving for y* from the above 
equation gives 

— x *(I - a) 


r 


1 + a — 2x* y — (y + 1 )x* 

Using the above equation, we evaluate the slope of the Rayleigh line to be 


y -1 


y 


y - (y + i)x* 


(1.10.5) 


( 1 . 10 . 6 ) 


1 — x* 

Multiplying Eq 1.10.6 by x* in the numerator and denominator and using Eq 1.9.5, 
we get 


/dy 


yx* 


-yy 


\dx J R x* [y — (y + l)x*] x* 

The equation for an isentropic flow is given by pv Y — constant, thus the slope is 

'dy\ = _yy 
, dx/_ x 


(1.10.7) 


( 1 . 10 . 8 ) 


From Eq 1.10.7, we see that at the tangency point, the slopes of the Rayleigh line, 
Hugoniot, and the isentrope are all equal 


dy V 


dx J f 


dy 


— =1 — 1 = — 


dx 


dy 


dx 


(1.10.9) 


The sound speed is related to the slope of the isentrope by 


dp 

dp 


—v 


-pov 0 x 


or 


PoVqx- 


■2 ' 


( 1 . 10 . 10 ) 


From Eq 1.9.7, we write 


, n *\2 * iP * i~Po *2/ - 1 

(D-u 1 ) = Uj - = pov 0 x - - 

Vf) — V\ 1 — X* 


Vo - V\ 
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and 

f D — u*,\ , 

l—A\=M* l 2 = l. (1.10.11) 

Since (D — u\) is the particle velocity of the downstream flow relative to the wave, 
Eq 1.10.11 indicates that for Chapman-Jouguet detonations, the flow is sonic relative 
to the wave. For the overdriven detonation (upper intersection point) and the weak det¬ 
onation (lower intersection point) solutions, it can be shown that M\ < 1 and M\ > \ 
for overdriven and weak detonations, respectively. The overdriven detonation solution 
requires the boundary condition in the products downstream of the wave to be specified 
since the flow is subsonic. The weak detonation solution requires some additional infor¬ 
mation on the propagation mechanism of the detonation to be given. For freely prop¬ 
agating unsupported detonations, only Chapman-Jouguet detonations can be realized. 
Consideration of the detailed structure of the detonation may lead to a weak detonation 
solution. But on the basis of just the conservation laws across the wave, it is not possible 
to determine the weak detonation solution. 


Similar to the procedure used for non-reacting shock 

waves, the Rankine-Hugoniot 

relationships across a detonation wave can be obtained using the Rayleigh line and 
the Hugoniot curve. Solving the quadratic equation for the density ratio obtained by 
eliminating the pressure y in the Hugoniot equation (Eq 1 .10.4) using the Rayleigh line 

(Eq 1.10.9), we obtain 


_ Po _y + il±S 

Pi V + 1 

(1.10.12) 

U\ 1 — r\ S 

D~ y +1 ’ 

(1.10.13) 

pi r + p t ys 

(1.10.14) 

p 0 D 2 y(y + 1) 

where 


5= V( 1 - r]) 2 — Kti, 



, Q 
K = 2(y 2 — 1)-^-, 

c o 

_ J_ _ c| 

11 M 2 D 2 ' 

The ± signs in Eqs 1.10.12-1.10.14 refer to the two solutions of overdriven and weak 
detonations. For the tangency Chapman-Jouguet solution, we have a unique solution 
and S — 0 giving the Chapman-Jouguet velocity as 


Pcj 


M 2 CJ 


1 + 
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In general, the Chapman-Jouguet Mach number Mcj ~>> 1 and r/cj << 1 and neglect¬ 
ing i] as compared to unity (note that K is sufficiently large so that Kr\ is not small 
compared to unity), we write 

S=y/l-Kri, 

and for Chapman-Jouguet detonations, 5 = 0 and solving for Mcj yields 

M CJ = jw- 1>| 

that is, the detonation Mach number (or velocity) is proportional to the square root of 
the chemical energy release. 

The above discussions are concerned with the upper detonation branch of the Hugo- 
niot curve. Deflagration waves correspond to solutions on the lower branch of the 
Hugoniot curve. Deflagrations are subsonic waves and the boundary conditions play 
an important role apart from the mechanisms that govern the propagation of the defla¬ 
gration itself. The deflagration solution cannot be obtained based on the gas dynamic 
analysis alone as the gas ahead of the combustion front is influenced by the rear bound¬ 
ary conditions. In general, a precursor shock wave is formed ahead of the deflagration 
and the upstream state of the deflagration front corresponds to the shocked state of the 
precursor shock. Solutions for deflagration require the simultaneous solution for the 
precursor shock and the deflagration front satisfying the prescribed boundary condition 
of the problem. 




2 Weak Shock Theory 


2.1 Introduction 

The theoretical description of non-steady shock propagation is difficult in general as it 
involves the integration of the non-linear conservation equations. However, if the shock 
wave is weak, the entropy change across the shock is small and the shock can be treated 
as an isentropic compression wave. For a weak shock propagating into a uniform or 
quiescent medium, the flow behind it is a simple wave flow which can be determined 
by initial or boundary conditions. The shock motion can then be obtained by fitting 
the shock to the known simple wave flow behind it. The weak shock theories described 
in this chapter are of this nature. In Chandrasekhar’s (1943) method, the characteristic 
equation is first transformed into the kinematic wave equation which has a particular 
solution corresponding to a linear distribution of flow variables behind the shock. The 
decay of the shock is then obtained by fitting the shock to the solution of the flow 
behind it. In the method of Friedrichs (1948), a simple wave flow is assumed behind 
the shock. The shock motion is then determined by matching the shock strength to 
give the same state as that carried by the characteristic that intersects it. The weak 
shock theory of Whitham (1956) is also very similar in nature to that of Freidrichs’ 
method, except Whitham used a modified acoustic solution for the flow behind the 
shock. By modified acoustic theory, the linear acoustic solution is “non-linearized” 
by replacing the acoustic trajectories by the characteristics. In so doing, the distor¬ 
tion of the wave front can now be realized, whereas linear acoustic theory would give 
a wave front of permanent form. Oswatitsch (1956) also gave a theory for weak shock 
propagation. He assumed, as in Chandrasekhar’s solution, a linear profile behind the 
shock and obtained a perturbation solution of the flow equations in the neighbor¬ 
hood of the sonic point (u — 0, c = co) of the triangular shock profile. Since the pro¬ 
file is linear, the solution at the sonic point can be extended to the shock front. The 
shock strength is then matched to the solution behind it. The principal approxima¬ 
tions used in all these weak shock theories are essentially similar. The difference lies 
in the description of the flow behind it and the method used to match the shock to 
the flow. 
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2.2 


Properties of Weak Shocks 


In terms of the shock overpressure y = the Rankine-Hugoniot equations across a 
normal shock are given as 


D 

-=M,= ( 1 + 
co 

Ml 


Y + I V 
2 Y 


Co y(i + ^Vf 

/h = 2y + (y + l)j 
Po 2y + (y-l)/ 


ci 

co 


(y + l) (2/ + (y — i)v ) | 1 
2y + (y + i)y 


As C 1 +J) (i + 
— = In 

C v 


(> + r -w>)' 


( 2 . 2 . 1 ) 

( 2 . 2 . 2 ) 

(2.2.3) 

(2.2.4) 

(2.2.5) 


For weak shocks where y <§; 1, the above equations can be expanded in powers of v 
and we obtain 


D y + 1 (y + 1 ) 2 , 

_=M s =l + ^y-^_V + ... 
co 4y 32y~ 

mi 7 K + 1 2 , 3 (y + l) 2 3 

- + +- 


Co y 4y 2 


«=i + ^-^+. 

Po y 2y 2 


( 2 . 2 . 6 ) 

(2.2.7) 

( 2 . 2 . 8 ) 


ci y — 1 y - — 1 , (y — l)(y + 1) 2 , 

- = 1 +V 2 -/+- --V + -" (2.2.9) 

co 2}/ 16]/ 3 


As y 2 - 1 3 , y 2 _ 1 4 , 

= -T^rr + + ■ 


C D 12y 2 • 8y 2 

Up to first order in y, Eq 2.2.8 can be written as 


( 2 . 2 . 10 ) 


fh _ 1 = y_ = J_ ( &Pi 


Po y y V po 
Dropping the subscript, we write 


= A I — 
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which is just the expression for an acoustic wave. If we consider up to first order in y in 
Eqs 2.2.6 and 2.2.7, we obtain 

d y + i . . y + 1 

— = H--— v = 1 H---, 

c 0 4 y ' 4 y c 0 

and Eq 2.2.9 gives 

ci , , Y - 1 , . Y ~ 1 “I 

Co 2 Y ' 2 Y Co 

Combining the above expressions give 


D = 


Ml + Cl + Co 
2 


( 2 . 2 . 11 ) 


which indicates that the shock velocity is given by the average of the slopes of the char¬ 
acteristics on both sides of the shock front. Equation 2.2.11 is a useful approximation 
for weak shocks and is generally referred to as “Pfriem’s formula.” 

Equation 2.2.10 shows that the entropy increase across the shock is third order in 
y and higher. Thus even for moderate strength shocks, the entropy change across the 
shock is small, and hence weak shocks can be approximated as isentropic compression 
waves. For an isentropic process, 


Cl 

co 




Agi 

Po 


r I 

2r 


1 + 


Y ~ 
2 Y 


1 

->’+••• 


which essentially corresponds to Eq 2.2.9 of the Rankine-Hugoniot relationships. 

A weak shock propagating into quiescent gas is shown in Fig. 2.1 . 

We note that along a C~ characteristic, the Riemann invariant J~ — constant. Thus 


2 2 2 
J =- Co = Ml-Cl — u - c, 

Y — 1 Y ~ 1 Y ~ 1 


and the change in the Riemann invariant across the shock is 


A J Yu i 2 cA / 2 \ u\ 2 / ci \ 

co \c 0 y-lc 0 / V y-1/ c 0 y - 1 \ c 0 ) 


Using Eqs 2.2.7 and 2.2.9, we get 

A J- (Y+ l) 2 3 , 

-— — 3 y + 

Co 32 Y i 


Thus up to second order in y, J is constant across the shock. Writing 

2 2 

J =u - -c = - -Co, 

Y - 1 Y ~ 1 

we obtain the relationship between c and u as 


c = c 0 + 


Y ~ 1 


u. 


2 


( 2 . 2 . 12 ) 
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for the flow behind the shock. Equation 2.2.12 for c{u) defines a simple wave flow. For a 
C+ in the simple wave flow, J + = u + ^-c = constant and using Eq 2.2.12, we obtain 


J + =—cA\ + { Y ~ 

Y~ 1 V c 0 / 


2c 0 



(2.2.13) 


Thus, each C + in the simple wave region behind the shock is defined by a value of u or 
equivalently a value of c. The slope of a C + is given by 


dx 

— =u + c = Co 
d t 


Y + 1 


Y ~ 1 


K + l 


-c - Co 


(2.2.14) 


The slope of a C + is thus defined by the initial value of u (or c) in the simple wave 
region behind the shock. Integrating Eq 2.2.14, the trajectory of a C + is given by 


x = 



+ f ( u ). 


= 73r( !1 y ic_c ”)' +/(c) - 

where / (u) or /(c) are constants of integration to be determined from initial or bound¬ 
ary conditions. 

The simple wave flow behind the shock can be determined independently of the shock 
motion. If the influence of the reflected characteristics from the shock can be neglected. 
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2.3 


then the shock motion can be determined by fitting the shock to a known flow field 
behind it. The decoupling of the shock motion from the flow behind it eliminates the 
need for the simultaneous solution of the flow and the shock motion. This greatly sim¬ 
plifies the solution of the shock propagation. 


Chandrasekhar’s Solution 

Chandrasekhar (1943) obtained a solution for the decay of a planar weak shock pulse. 
Using the simple wave equations (Eqs 2.2.13 and 2.2.14), the characteristic equation in 
planar geometry, that is, 


9 9 ' 

dt + {u + c) Yx 


can be written as 

9 (y + 1 


2 \ 9 ' 

C-Co I - 

dt \y - 1 y — 1 7 dx 


Y ~ 1 


Y ~ 1 


c =0, 


(2c - c 0 ) = 0. 


Defining c = — and t = cot, the above equation becomes 


9c (y + 1 


dt \y — 1 y — 1 / 9x 
In terms of a new variable 0 defined as 


^ = o. 


, K+l- 2 

0 = rC — 


Eq 2.3.1 reduces to the form 


Y~ 1 K —1 


d(p 90 
— + 0 — = 0 . 
dt V dx 


(2.3.1) 


(2.3.2) 


(2.3.3) 


Equation 2.3.3 is generally referred to as the kinematic wave equation and has a partic¬ 
ular solution given by 


0 


] -|- Ax 
B + Af 


Rescaling the time by defining 


r — t — 


B- 1 


(2.3.4) 


(2.3.5) 


the solution can be conveniently written as 


0 


1 -|- Ax 
1 4- 


(2.3.6) 
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From the definition of 4> (Eq 2.3.2) and the simple wave relationship Eq 2.2.12, the 
solutions for c and u can be obtained as 


_ c ( y-l \/ l+Ax 2 \ 

c 0 Vy + 1/ \l + y - 1 / 
s= “ = ( M 

CO \y + 1 J\ 1 +At ) 


(2.3.7) 

(2.3.8) 


From Eqs 2.3.7 and 2.3.8, we note that the velocity and sound speed profiles behind 
the shock are linear for a given instant of time. The particle velocity profile is illustrated 
in Fig. 2.2. 

Solving Eq 2.3.8 for u — tq at the shock front x = x s yields 


x s 


1 

A 


(1+Ax) 





and differentiating the above equation, we obtain 


cbq cbq 

x s = — = co— = CqM s . 
d t dr 


= c 0 


, , y + 1 _ 

1 H--— u\ 


1 +^4r ^ y + 1 d«i 
2 dr 


(2.3.9) 


The Rankine-Hugoniot relationships give 


U\ 

u | = — 
Co 


2 ( 1 
- M s - 

y + l V M s 


and differentiating the above equation gives 


d«i 

dr 


2 \ / 1 \ d M s 

y + l) V Mf) "dT 


Substituting the above expression for % into Eq 2.3.9 and re-arranging yields 

1 +Mf AAx 

-d M s = -, 

(1 — M S )M S \+Ax 
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which can be written as 


2 

1 -M s 


d M s + 


d M, 

M s 


-dM s = dln(l + At). 


The above equation can readily be integrated to give 


/1 - M° 

\~W~ 


M„ 


(1 ~M S ) : 


exp (M" -M s )= 1 + At. 


(2.3.10) 


In the above solution, we have used the initial condition M s — M) when r = r°. For 
weak shocks where M s — 1 and (M s — I) l,Eq2.3.10 reduces to 


(Ms- i) 


K- 1 

(1 +ytr) 1 /2' 


(2.3.11) 


The approximate form above is valid up to second order in (M s — 1). The Rankine- 
Flugoniot equations give the shock overpressure as 


y = 



4 Y 

K + l 


(M — 


l). 


Using Eq2.3.11, we write 

A /^t\_ 4 y M°- 1 

V^o/ Y + 1 (1 4-^r) 1 / 2 ' 


For large times, we observe from the above equation that the weak shock pulse gives 
A(^) ~ pTi. Chandrasekhar’s solution is valid for a planar weak shock pulse and sim¬ 
ple wave flow behind the shock is assumed. The solution indicates that the distribution 
behind the shock is linear, that is, a triangular shock pulse. This Chandrasekhar’s solu¬ 
tion is for the decay of a weak triangular planar shock pulse. 


2.4 Oswatitsch’s Solution 

A different approach was used by Oswatitsch (1956) to determine the decay of a weak 
“saw tooth” shock pulse, ffis method can be applied to cylindrical and spherical geom¬ 
etry provided that the shock profile is linear. The assumption of a “saw tooth” shock 
profile is not too restrictive because the far field shock profile in general, is indeed tri¬ 
angular for all geometries. Assuming isentropic flow behind a weak shock, the basic 
equations are given as, 
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where j = 0, 1, 2 for planar, cylindrical, and spherical geometries, respectively. Assum¬ 
ing a linear velocity profile, as shown in Fig. 2.3, there exists a sonic point O where 
u = 0, c = Co at the tail of the expansion fan behind the shock. 

in the neighborhood of the sonic point O, Oswatitsch sought solutions of the form 


u(r, t) = a\{t)e + a 2 (t)s 1 + • ■ 


c(r, t) - c 0 = b\{t)s + b 2 (t)s 2 + ■ ■ 


(2.4.3) 


where s = r — cat and e -C 1 near the sonic point O. Substituting the perturbation 
expressions (Eq 2.4.3) into the basic equations (Eqs 2.4.1 and 2.4.2) and collecting 
terms of the same order in s, we obtain for zeroth order 


a\(t) = 


- 7*1 ( 0 . 

Y ~ 1 


(2.4.4) 


and for first order 


2 y + 1 ju\ 

- ~(b\ - 2b 2 c 0 ) H- -a\b\ + 2c 0 fli + -— = 0, 

Y ~ 1 Y~ 1 1 
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d\ — 2.cqU 2 ci\ -|- 


Y — 1 


(2c 0 *2 + b\) = 0 , 


(2.4.5) 


where a\ and b\ denote the differentiation with respect to time t. Eliminating a 2 and b 2 
and using Eq 2.4.4, an equation for a\ can be obtained as, 


a i 


K + l 


^1 = 0 . 


(2.4.6) 


Defining x = ^ 7 , the above equation can be written as, 


X + 
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which can be integrated to yield 


x(0 = x°( J 


1-7/2 


Y + 1 
2 -j 


i- ! - 


1-7/2N 


(2.4.8) 


for the planar case j — 0, and for the cylindrical case, j = 1. For the spherical case of 
j — 2, the solution for x (f) is 


X(0 = X° + ln{ - 


(2.4.9) 


In Eqs 2.4.8 and 2.4.9, the initial condition t = t°, x = X° h as been used. The solution 
for /(/) gives the solution for a\(t) which represents the slope of the velocity profile at 
the sonic point. From Eq 2.4.3 


' du\ 
°1 = I 7 - 


3i'A=n’ 
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y-i 
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(2.4.10) 


For linear distribution of u and c, the slopes a\ and b\ can be related to the pulse width 
w{t) and the values u\ and c\ at the shock front, that is, 
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From kinematics, ^ = D — cq and using Pfriem’s formula, that is, D = i(zq + c\ + 
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w At 4 4 

Using the solutions for x(0, the pulse width w(t) can be obtained from Eq 2.4.11 as 
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du; 

where w = w° at t = t°. Since — = D — cq — co(M s — 1), we may express w as 

at 

4c 0 {M s -\), ^ 
w = -(yn, 

(y + i) 

or 


(Y + 1 )w 
4c 0 (M s -l)t’ 


(2.4.15) 


Defining x° as 


(y + l)w° 

4c 0 (M; - 1 )t° 


(2.4.16) 


and replacing x° in Eqs 2.4.12 to 2.4.14 by the above expression, we can write the 
solution for the pulse width “uj” as 
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7 = 1, 
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(2.4.17) 

(2.4.18) 

(2.4.19) 


where M s = M° at t = t°. Since w = cq(M s — 1), we may differentiate Eqs 2.4.17 to 
2.4.19 and obtain 


7 = 0, (M s - 1) = (m; - 1) 
j = 1, (M s -1) = (M; -1) 



j = 2, (Ms -1) = (M; 



1 + 


2(m; -1) 
10 ° 
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(2.4.20) 

_ \ 

2 

(2.4.21) 

(2.4.22) 


For large times, we can see that for planar waves j = 0, M s — 1 ~ ^. For cylindrical 
shocks, the asymptotic decay is M s — 1 ~ ^ and similarly for spherical waves, M s — 
1 ~ fln( | )1/2 . Since the shock overpressure A(^) = y^(M s — 1), the decay of the shock 
overpressure behaves similarly. 

Oswatitsch solution is valid for cylindrical and spherical waves but requires the profile 
to be linear. 
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Friedrichs’ Theory 

Friedrichs (1948) investigated various problems of formation and decay of weak planar 
shock waves. We shall consider only the case of the decay of a planar shock due to a 
non-steady expansion flow behind it. The shock is assumed to be uniform in the region 
x < 0, t < 0 and decays due to expansion waves behind it in the region x > 0, t > 0, 
and is shown in Fig. 2.4. 

The flow behind the shock is assumed to be a simple wave flow where c(u ) is given 
by 

y — 1 

c(u) = Cq -t--— u, (2.5.1) 

and the trajectory of a C + is 

x = |+F(f)r, (2.5.2) 

where 

y + 1 

F(%) = co H- u, 

and x = £ at t = 0 is the origin of the C + . Given the initial distribution of w(£) (or 
c(f)), the trajectories of the C + are specified and, along each C + , the values of u (and 
c) are constant, and correspond to their initial values. Thus the simple wave flow behind 
the shock is known. If the effects of the reflected characteristics on the flow can be 
neglected, then the simple wave flow behind the shock is independent of the shock 
motion. The decay of the shock can then be obtained by fitting the shock to the known 
simple wave flow specified initially. Different characteristics intersect the shock at dif¬ 
ferent times, that is, the time of intersection t(£) is a function of Flence the shock 
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position x s is a function of §, the characteristic that intersects it. This is illustrated in 
Fig. 2.5. 

At time ) of the intersection, the coordinates x s , ) correspond to a point on the 
trajectory of the £ characteristic. Thus 

x = x s = ^+F^)t{H)- (2.5.3) 


The above equation simply denotes that at a particular time ) the position x on the 
trajectory of the £ characteristic coincides with the shock position x s . We wish to obtain 
the dependence of /(£ ) on f. To obtain the equation that gives t(f), we differentiate 
Eq 2.5.3 with respect to £ along the shock path, that is, 




ox, 

= x v ——— = 1 + t(?) 




d£ d t d£ df 

And re-arranging, the above equation can be written as 


d| 


-F(S) 






(F(g) - x s ) ^ + 1 + f(|= 0. 


d? 


df 


(2.5.4) 


Solution of the above equation gives t(£) as a function of £. When the characteris¬ 
tic intersects the shock, we require the shock strength to be such that the state behind 
the shock (as given by the Rankine-Hugoniot equations), matches the state carried 
by the characteristic that intersects it. If we consider matching the particle velocity, 
the Rankine-Hugoniot gives 


iq = / ._1\ _ 2 (M s + 1 )(M S — 1) 

c 0 y + 1 V M s) Y + 1 M s 


(2.5.5) 


and for M s — 1 , M s + 1 ~ 2, and defining cj\ 
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2.5.5 can be written as 
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The particle velocity corresponding to the characteristic can be found from the slope 

F(g) = u + c = c 0 + = Co(l + er(£ ))■ (2.5.7) 

Matching the particle velocity, we equate a\ — er, and substituting Eqs 2.5.6 and 2.5.7 
into Eq 2.5.4 and rearranging yields the equation for ) as 


d(coO 8(co0 da 8 

d£ ”*”(4 — a)a d% cr(4 —er) 


The above equation can be integrated to yield 


where 


cot = 4A 





<r(¥W 

[4 -<x(r)] 3 ' 


(2.5.8) 


(2.5.9) 


(2.5.10) 


In Eq 2.5.10, is a dummy integration variable. Given the initial distribution u($), 
(i.e., er(§)), the integral A can be evaluated. Equation 2.5.9 gives the solution for r(£) 
in terms of <r(£). Substituting Eq 2.5.9 into Eq 2.5.3, we write the shock trajectory in 
terms of <x(£) as 


x s — £ + + (1 + er) 


2 a 


2 


Alternately, solving Eq 2.5.9 for a (t) gives 



(2.5.11) 


(2.5.12) 


Substituting the above for a(t) in Eq 2.5.3 gives the shock path in terms of t as 

-l 

| . (2.5.13) 


s (t) — £ + cot + 2 y/Acot ( 1 + — 


2 V cot , 


With a(t) given by Eq 2.5.12 the other shock properties can be obtained from the 
Rankine-Hugoniot equations, that is, 
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1, a -» 0, we may expand Eq 2.5.12 and write 
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Since the shock overpressure the asymptotic decay for the shock over¬ 

pressure is thus A ^’ ~ pyj, which is in accord with Chandrasekhar’s solution. 

All the characteristics £o < £ < 0 will eventually catch up with the shock, but for 
large time t -» oo, the shock path will asymptotically be parallel to the sonic charac¬ 
teristic £o given by x = fo + )t = + cgt. The width of the shock pulse’, shown in 

Fig. 2.6, will be given by w = x s — (£o + cot ) and using Eq 2.5.15, we write 

to = x s — (£o + cot) = 2^Ac 0 t — A + ■ ■ ■ (2.5.16) 

Thus the pulse width increase like to ~ t 2 in contrast to the acoustic solution where 
w — constant. 

The asymptotic profiles for u and c can be obtained from a. Writing a in the neigh¬ 
borhood of £o as 


<7 = «(£-£,)+ 6(§-£o) 2 + --- (2.5.17) 

and substituting the above into Eq 2.5.1, we obtain 


x = | + cot(l + er), 

= [to + (t - to)] + cot [1 + a(t - to) + &(t - to) 2 + ■••]. 
= (to + coO + (t - to) + ac 0 f(t - to) + *c 0 f(t - to) 2 + ■ • • 


which can be re-arranged to read 

, , x - (£ 0 + c 0 t) 

t - to = —r——:— 
1 + acot 

Expanding the last term, we write 

x - (§o + c 0 t) 


1 + 


bc 0 t(t; - £p )\ 1 
1 + acot 


t - to = 


1 + acot 


1 - 


frcpt(t - go) 

1 + acot 
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and replacing (£ — $o) in the term of the above 



we can write 


x — (§o + c 0 t) 



hence 



2 bc 0 t [x - (£o + cot)] 3 
(1 + ac 0 t) 4 


Substituting the above into Eq 2.5.17 yields 



b(x- (gp + cpt)) 2 

(1 + acoO 3 


Thus, we note that up to first order in x — (§o + cot), a is linear with x at any given 
time t. Accordingly, the asymptotic distributions of u and c in the shock pulse £o + cot < 
x < fo + cq? + w(t) are also linear. 


2.6 Decay of a Piston Driven Shock 


As an example to illustrate Freidrichs’ theory, we shall consider the decay of a weak 
planar shock. At t = 0, a piston moving at a constant velocity u\ drives a shock ahead 
of it. At f = t R , the piston is stopped abruptly, and a center rarefaction fan is generated. 
The shock starts to decay at f = t\ when the head of the expansion fan catches up to the 
shock front. We shall consider the shock to be weak. 

The wave processes are illustrated in Fig. 2.7. 

Neglecting changes in the Riemann invariant across the weak shock, J~ = u — 
yz\C — constant. The flow behind the shock is a simple wave and 


, Y — 1 

C = Co H--— U. 

Along a C + ,J + = u+ yz]C — constant and from Eq 2.6.1, we write 


( 2 . 6 . 1 ) 



--(2c -c 0 ). 

Y ~ 1 


Thus each C + in the simple wave region is characterized by a value of u (or c). The 
equation for a C + is given by 



where a = and was defined in Eq 2.5.6. Integrating yields the trajectory of a 


C+ as 



( 2 . 6 . 2 ) 
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where the integration constant /( u ) can be determined from initial or boundary condi¬ 
tions. 

From kinematics, we can write 


Xr — U\t R 


2 c 0 


B\tR, 


X\ — X R + (Ui + C\)t\ = X s t\ — Xr + Co(l + CTi )t\, (2.6.3) 


since x\ — x s t\. For a weak shock we can write 


X s — C o 




and solving for t\, we obtain 

t _ 8 (! + j7TT a i ) ( R 
1 a, (4 - <Ti) 


Given ii\ (hence (T\) and t R , x p , and t\ can be determined. 
The solution for the centered rarefaction fan is given by 


(2.6.4) 


x - Xr = (u + c)(t - t R ) = co(l +cr)(t - t R ), 


which can be re-arranged to read 


X-Xi = (x R -x i) + c 0 (l + a)(t\ - t R ) + c 0 (l + o)(t - t\). 
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The above equation can be written as 

x — § + co(l + cr)t, (2.6.5) 

where 

H — (XR-X l) + C 0 (l + o){t\ - t R ), 

= c 0 (o - 0-1 )(h - t R ), (2.6.6) 


and x — x — x\ and t — t — t\. To determine the decay of the shock in the region x > 0, 
t > 0, we solve for /"(£), that is, 


cot = 8 


4 — a 


2 -o 


where 


A = 


r <r(m 

h [4-a(r)] J 

=32 r 

h [4-ff(r)] 


(1 1 

= 4A - 


a 4 


From Eq 2.6.6, we obtain 

d£' = c 0 (t, - t R ) da'. 
Thus the integral A can be written as 

<- a ' o-'dcr' 


A = 32 f 
Jo 


[4 - ad')] 3 


where a' is a dummy integration variable. Evaluating the integral gives 


A = cqOi — t R ) 


o-i 


y 4 — o\ 

and substituting the above into Eq 2.6.7 yields 

( 4 — a 

t = (t\ — t R ) ( —-— 
and re-arranging, we can write 

t = t R + (h — t R ) 


4 — a 


o-i 


4 — CT\ 


4 — a 


o-i 


4 — o\ 


Solving for a in Eq 2.6.7, and using the above equation, we get 

4 

o{t) = - 


1 + 


4 - CTl \ 11 — t R 


o-1 


h ~ t R 


or alternately, we write 


or(0 = 4 


o r i 


4 - cti / V t-t R 


1 1 — t/; 


o-i 


4 — o-i / V t-t R 


t i — (s 


-l 


(2.6.7) 


( 2 . 6 . 8 ) 


(2.6.9) 


( 2 . 6 . 10 ) 
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The shock trajectory can now be written as 

x s =x R + c 0 (1 + <r)(t - t R ), 


— Xr + CO 


it — t R ) + 


(t - ( r) 


Alternately, we can write the shock trajectory as 

4\/ (L — t R )(t — t R ) 


x s =x R + c 0 


it ~ t R ) + 


K 


i' + iJW) . ' 


where K = ——. Large times er(f) and the shock path can be written as 


a(t) = 4Kj t -^ tR -4K 2 h ^ tR 

V t - t R V t - t R 

4co r - 4co 

x s =x R + C 0 (t - t R ) + —V (q - t R )(t - t R ) - -jpiti - { r)- 
Since t t R , and defining 

4co 

A =-^ih-t R ), 

the shock path can be written as 

x s =x R + co(t - t R ) + 2y/Ac 0 (t - t R ) - A 


( 2 . 6 . 11 ) 


( 2 . 6 . 12 ) 

(2.6.13) 


— £o + cot + 2y/Acot — A, (2.6.14) 

where = x R — cot R and we have neglected t R when compared to t for large times. Thus 
for large times a ~ thus ^ ~ ^ for the shock overpressure decay. The width 
of the shock pulse w(t) = x s — (£o + cot), since £o + cot is the trajectory of the sonic 
characteristic ^ = co. We also note from Eq 2.6.14 that for large times, w increases like 
1 5, that is, 

w(t) ~ 2y/Acot — A ~ t 1 . 

This result corresponds the solution of Chandrasekhar described previously. 


2.7 Whitham’s Theory 

Whitham (1956) developed a method to describe the far-field decay of a weak shock 
wave. His method is very similar to Friedrichs’ theory and differs in that acoustic the¬ 
ory is used to describe the flow field behind the shock instead of using finite ampli¬ 
tude simple waves. Linear acoustic theory gives a wave of permanent form and fails 
to describe the non-linear distortion in the far-field when the cumulative effect of the 
small differences in the speed of the characteristics becomes significant. To describe 
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the decay of the shock, Whitham “non-linearized” the acoustic solution by replacing 
the acoustic trajectories by the local sound speed, that is, characteristics. Whitham’s so- 
called modified acoustic theory can therefore describe the distortion of the wave form 
as the characteristics are now no longer parallel. 

With geometric acoustic theory in mind, Whitham considered the wave propagation 
in a ray tube of cross-sectional area A(s), where 5 is the distance along the ray tube. 
Acoustic theory for the solution of the velocity potential can be written as 


</> = 


A(s)i 


and the particle velocity can be obtained as 

H 5 ) -/('-£) 




d4(s) 


ds 


2A(s)2 


ds 


coA(sp 

^-j± zA. 

c 0 A(s)'i 

The second term can be neglected since it is small as compared to the first term 
because A(s) is, in general, an increasing function of s. The pressure perturbation is 
given as 


3 cp 

Ap=-p„- 




A(s) 2 


ypo- 


C 0 


For an isentropic process, 


or 


c 

co 


—+ 1 = 


r -1 
2y 


(Ac 
V Co 


til 

A p\ 2 r 


1 H-1 

po ) 


giving 


Ac y — 1 A p 


■. In Whitham’s modified acoustic theory, the argument 

co 2 y p 0 

of the function / corresponds to the acoustic trajectory r = t — ^ in the near field. 
For large s, in the far field, the characteristic r = 11 + c is used. The modified acoustic 
solution can be written as 


A p 

Po 


g(T) 


(2.7.1) 


where 




(2.7.2) 
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and accordingly, the particle velocity and sound speed are given as 

u /'(r) G(r) 1 A p 

co CqA(s)i yA(s)^ Y Po 

Ac y — 1 A p y — 1 G(r) 

c 0 2y p 0 2y y A(s)i ' 

The equation for a characteristic r = constant can be written as 


(2.7.3) 

(2.7.4) 


ds 
d t 


r=constant 


u + c = co 



Ai) = 0J ( 1 + r±!M 

Co / V 2 Y Po J 


1 / | y + lAp\~ l _ 1 / y + 1 Ag | 

Co V 2y Po ) Co V 2.y p 0 


1 

Co 


Y + 1 G(t) 
2-Y A(s)i 


Integrating the above gives the trajectory of the characteristic r = constant, that is, 


t 


s 

co 



ds 

^ + 


/(t), 


where f{x) is the constant of integration. We can simply take /(r) = r itself so that in 
the near field when s is small, r = t — ^ corresponding to the acoustic trajectory since 
the integral term is small. Thus we write 

s f s ds 

t=- + r-KG(r) - r , (2.7.5) 

co Jo A(s)i 

where K = . The various terms in Eq 2.7.5 are illustrated in Fig. 2.8. Different char¬ 

acteristic intersects the shock when it is at different position s. Characteristics behind 
the shock continuously catch up with the shock causing it to decay, as shown in Fig. 2.9. 
Let r = T(s) be the particular characteristic that intersects the shock when it is at posi¬ 
tion s. When the characteristic intersects the shock, the shock coordinates ( 5 , t ) will be 
a point on the particular characteristic r = T(s). Thus we write Eq 2.7.5 as 

s f s ds 

t= - + T(s)-KG{ r) / —(2.7.6) 
Co JO A(s)z 


Equation 2.7.6 gives the shock coordinates parametrically in terms of the characteristic 
r — T(s) that intersects it. To obtain the dependence of T(s) on shock positions, we 
differentiate Eq 2.7.6 and obtain 

dt _ 1 _ 1 dT(s) KG{ r) KdG(r) d T r s ds 

ds D cq ds A(s)i dP ds J 0 A(s)l ’ 


(2.7.7) 
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where D — ^ is the shock speed. The Rankine-Hugoniot equations give the shock 
speed (or M s ) in terms of the overpressure, that is, 


D — c 0 M s = c 0 



y +1 Api 

4 y Po 


For weak shocks where « l,we write 

P 0 

= j_ L + y + 1 A/q V 1 = j_ A _ y + 1 Ap\ 
D c 0 V 4 y po ) c 0 V 4 y po 



Figure 2.9 Decay of Shock by the Characteristics Catching Up with It 
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Thus 


When the characteristic intersects the shock, the shock strength must be such that the 

Api _ A p _ G( t) 
A(s) 2 ' 


shock overpressure corresponding to the characteristic value, that is, 


1 _ 1 K G(r) 

D co 2 A(s)i 

and substituting the above into Eq 2.7.7 gives 

dT(s)_KG(r) KdG(r)dT(s) f s ds 
ds 2 A(s )2 dT ds J 0 A(s) 5 ’ 

which can be integrated if we multiply the above equation by 2G(r) and re-arranging, 
to give 


d 

ds 


KG 2 ( r) 



ds 

A(s)2 


= 2G(r) 


dT 

ds ’ 


which integrates to yield 


G( r) = 


1 

K Jo 


G(T')dT' 


r s ds 

Jo ,, > 


A(s)2 


(2.7.8) 


where T' is a dummy integration variable. We have assumed for definiteness that T = 0 
at s — 0. Equation 2.7.8 gives the solution G{T) corresponding to the particular char¬ 
acteristic r = T(s) that intersects the shock at time t when it is at position s. From 
the solution G(T), the shock overpressure, particle velocity, and sound speed can all be 
determined (i.e., Eqs 2.7.1,2.7.3,2.7.4). Substituting Eq 2.7.8 into 2.7.6 gives the shock 
path, that is, 


t= - + T(s)~ \2K f T G(m -^r\ - (2-7.9) 

co [ Jo Jo A(s) 2 J 

where § is a dummy integration variable. Equation 2.7.9 gives the shock path paramet¬ 
rically in terms of T ( 5 ), the characteristic that intersects it. 

In the far field the shock profile in general takes on the shape of an N-wave with 
a sonic point that propagates at cq, where u = 0, c = co, ^ = 0 (at the sonic point). 
The sonic trajectory is given by to = t — ^ and the solution G(r 0 ) = 0. Since A(s) is in 

general, an increasing function of s, —»■ 00 as s -» 0. The solution G(r) for large 

A 2 

values of s can be approximated by 


, G(£)d£ 


r s & 
Jo „ 1 


A(s)2 


G(T) = 


(2.7.10) 
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Figure 2.10 Shock Front Leading the Sonic Characteristic by Pulse Width 


and thus the overpressure behind the shock as s -* oo can be written as 


A p _ G( r) 
Po A(s)i 


l/o r °^)^ 

A(s)2 . 


(2.7.11) 


For planar, cylindrical, and spherical geometries, A(s) ~ constant, A(s) ~ s, and 
A(s ) ~ s 2 , respectively. Thus in the asymptotic limit where s -+ o o, ^ ~ ^ 71 , ^ ~ 
4*, and — ~ — 4 - for the planar, cylindrical, and spherical geometries, respectively. 

_ 5I1152 

This result is in accord with Oswatitsch’s solution described in a previous section. 

For large values of 5 the shock trajectory can be approximated by 


t = 




f T °G(m \ 

J 0 Jo 


ds 


0 A(s )2 


2 


(2.7.12) 


Since the shock front is ahead of the sonic characteristic by the pulse width w as lllus- 

w s 

trated in Fig. 2.10, we write s = co(t — T 0 ) + w or — =- t + T 0 . From Eq 2.7.12, 

co Co 

we obtain 


w 

co 



pTo ps 

/ G(m / 

Jo Jo 


ds 

A(s)i 


(2.7.13) 


in contrast to the linear acoustic theory which gives w — constant. 

For large values of 5 , we may write G(r) in the neighborhood of the sonic character¬ 
istics using Eq 2.7.12 as 


G(r) = 




l 


ds 


o A(s )2 


-l 


K 
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Thus, the overpressure in the neighborhood of 7 q is 


A p _ G(r) 
Po A(s)i 


KA(s)~2 


r ds 

Jo A(s)i 


At any fixed distance ^ the overpressure decays linearly with time and the rate of the 
pressure decrease is 



1 

\ A ' f *.1 

\P0 J 

K 

Jo A(s) 2 


The above indicates that the pressure decay is not dependent on the initial wave profile 
G( r), and is a function of the shock position s only. 

As an example of Whitham’s theory, consider the far-field decay of the spherical 
shock generated by a constant velocity expanding piston. r p = acot where a <SC 1. The 
acoustic solution of this problem has been given by G. I. Taylor, that is, 


f(r - coO = “ C ° (r - c 0 t) 2 
a L — 1 


3 3 
a Cn 


- 1 


T 2 . 


The solution G(t) can be written as 


r , r 2or’cix , 

CM =-- f = --——^ 2 r a V , 

since (t« 1. Further since G(r) is continuous at r = 0, there is no leading shock front 
according to acoustic theory. Flowever, according to the modified acoustic theory, the 
wave profile will be distorted leading to the formation of a shock wave in the far field. 
From Eq 2.7.10, we write 


f 


dr 


2 Jq 2ya 2 co^d^ 
A(s)I ~ K (2 y^c 0 T) 2 


Thus 


In r 


1 


1 


K2yoi 2 co (y + l)a 


3 ’ 


where K ■■ 


Y 


1 


2 yc 0 

Replacing r p by acoT, we get 


In 


acoT 

and the overpressure can be obtained as 


1 


(y + 1 )a 


3 ’ 


A p 

Po 


G(r) 


2ya 3 c 0 T 


ac o T exp 
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Thus 


and since (M s — 1) = 


2 I 

-= 2ya exp I — 

Po 


1 


Y + 1 Ap 

4y 


Po 


a 3 (y + 1)/ ’ 

, the shock Mach number can be obtained as 
1 


y + 1 , 

{M s — 1) = - a 2 exp 


a 3 (y +1) 7 


Whitham pointed out that the accuracy of the pre-exponential term was uncertain and 
that error terms may well be more dominant. We may write 

ln(M s — 1) 


« 3 (y + 1)’ 


which is in the form given by Lighthill (1948). 







Shock Propagation in a Non-uniform 
Cross-sectional Area Tube 


Introduction 

The propagation of shock waves in a duct of non-uniform cross-sectional area or density 
was investigated by Chester (1954), Chisnell (1957), and Whitham (1958). The methods 
are generally referred to as the CCW theory. These authors used different approaches 
but obtained essentially similar end results. Chester considered small area variations of 
the duct and linearized the basic equations which are then be integrated to obtain the 
solution for the variation of the shock strength with area. Chisnell considered the wave 
interaction for a single step area change. He then integrated to obtain the result for a 
continuous area variation. Whitham simply replaced the variables along a C+ character¬ 
istic by the shocked state from the Rankine-Hugoniot equations to obtain a differential 
equation for the shock Mach number and area change, which can be integrated to give a 
shock Mach number-area relationship. The methods of the three authors are quite dif¬ 
ferent and it is difficult to demonstrate their equivalence and relative merits. However, 
their final results are the same. 

Chester’s Theory 

Chester considered the propagation of a shock wave in a variable area duct where for 
x < 0, the cross-sectional area is uniform, that is, A = Aq = constant and for x > 0, 
A — A(x). Chester also assumed the rate of change of area ^ to be small. The quasi- 
one-dimensional equations of motion for non-steady flow can be written as 



dt dx A dr 


(3.2.1) 



du dll 1 dp 

— -f- u — -f-- 



dt dx p dx 


0 , 


(3.2.2) 



(3.2.3) 


D _ 9 
Dt ~ dt 


— -f- u — . 
dt dx 


9 


where 
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For small area variation, that is, A — Aq + A' and ^ 1, the flow variables can 

be written as p — p\ + p', p — pi + p', u = u\+ u!, s = si + s' where the subscript 1 
denotes the condition behind the initial shock wave in the uniform area section, A = 
A o = constant. The equations for the flow perturbations can be obtained as 


dp’ 

~di 


du' 

Pl ~dx 


f- Ml 

du' 

It 


dp' P\U\ dA'(x) 


dx Aq 


du' 


u l 


dr 

1 dp' 


dx pi dx 


= o, 


= 0 , 


(3.2.4) 

(3.2.5) 


9 9 . 

-h Ml — S = 0, 

dt dx 


(3.2.6) 


p' in Eq 3.2.4 can be replaced by p' using the isentropic relationship and we can write 
Eq 3.2.4 as 


dp' dp' 2 du' . P i c i dA'(x) n 

dt dx dx Aq dr 

Expressing the entropy in terms of p and p, Eq 3.2.6 becomes 


9 


1 


,s + "'sj v ~ ■?/) = °- 

Writing Eqs 3.2.5 and 3.2.7 in characteristic form, we get 

PiMiCj d4'(x) 


9 9 ' 

— + (mi ±ci) — 
dt dx 


(p' ± p\c\u') = 


Aq dr 


Integrating along the characteristics, we get along a C + 


(3.2.7) 


(3.2.8) 


(3.2.9) 


(3.2.10) 


(3.2.11) 


(3.2.12) 


The functions f\, fa, and fa are constants of integration which can be determined 
from initial and boundary conditions. Solving for p' and u' from Eqs 3.2.10 and 3.2.11 
we obtain 

—p\u\c\A'(x) 1 


and along a C 


, , P\U\c ? A'(x) 

p + P\C\u = -----F/i (x- (u\ + C\)t), 

U\ + Cl Aq 


, , Pi Ml Cj A'(x) 

P Pi Cl M =--- V fa(x- (Ul -Cl)t). 


Ill - c 1 Aq 


dr 


Integrating Eq 3.2.8 along the particle path — = u\, we get 

dt 


P' - 4 ) = fa(x-uit). 


u] - C? Aq 


+ ~ [/l (X ~ (Ml + Ci)t) + fa(x~ (Mi - Ci)t)] , 


(3.2.13) 


MiCj A'(x) 1 


u\ - C\ Aq 2piCi 


\fa(x - (Ml + Ci)f) - fa(x - (Ml - Ci)f)] . (3.2.14) 
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From the above equations, we note that the pressure and velocity perturbations 
depend on the local area change and on the perturbations carried along the C + and C~ 
characteristics through the functions f\ and fa. Since the C + comes from the uniform 
region x < 0 where the perturbations are zero, f\ = 0. The C~ carries the perturbations 
reflected from the shock front. Hence if the reflected C~ can influence the flow field 
significantly, then the influence will be carried back to the shock by C + and the f\ will 
no longer be zero. However, the re-reflected perturbations are in general, higher order 
effects and can be neglected. Hence we may take f\ — 0. Thus we may write Eq 3.2.10 
as 


/ 

P 


+ P\C\U = — 


P\ii\c\ A'(x ) 
Ml + Cl A 0 


which give the pressure and velocity perturbations as a function of the local area 
change. Evaluating Eq3.2.15 at the shock front, the Rankine-Hugoniot equations can be 
used to give 


Pl _ 

2y 1 

[m] y l \ 

PO 

y +1 

\ s 2 Y ) 

Pl 

(K + 1)M 2 

Po 

2 +(Y 

-my 

U\ 

2 i 

(m s - —) , 

Mo 

K + l 1 

l Ms) 

\ 2 

(2 yMl 

-(K-l))(2 + ( y -l)M 2 ) 


cj (y + l) 2 M? 


(3.2.15) 

(3.2.16) 

(3.2.17) 

(3.2.18) 


The perturbations p', p', u' can be obtained by differentiating Eqs 3.2.15 to 3.2.17, 
that is, 


4w V, 

(y + i) 

(3.2.19) 

( y + l)( 1 + M 2 ) M ^’ 

(3.2.20) 

4 (y + l)p 0 M s M' s 
(2 + (y + 1)M 2 ) 2 ’ 

(3.2.21) 


where we have dropped the subscript 1 in the above equations. 

Substituting Eqs 3.2.15 to 3.2.21 into Eq 3.2.15 and re-arranging yields 


A' _ -2 M S M' S 

~A 0 ~ (M} - 1 )K(M s y 


(3.2.22) 


where 


1 + m? +2m 


2 1 - p? 

Y+ 1 R 


K(M S ) = 2 


-1 


(3.2.23) 
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and 


2 + (y-l)Mj 
2yM] -(/-I)' 


(3.2.24) 


Equation 3.2.22 gives the variation of the shock strength with area which can be inte¬ 
grated for a given initial shock Mach number and A(x). Note that the determination of 
M s (x) does not require the solution for fa and fa. 

To complete the solution for the perturbations p' , u', and fa. we need to evaluate the 
functions fa and fa. With fa — 0, Eq3.2.13 becomes 


, p x u\c\A'(x) 
P («1 - Mo 


= F 2 (x- (ui - C\)t), 


where for convenience we have defined F 2 = ^fa.To evaluate at the shock front, we put 
t = where D is the shock velocity. The above equation becomes 





p x u\c\ A'(x) 
P ( u\ - Cj) Aq 


where 



Using the Rankine-Hugoniot equations for p' (Eq 3.2.19) and Eq 3.2.22 for —, we 

Aq 


obtain 


F 2 



P\u\c\ A'(x) 
(u\ - c\) Aq 



(Ml ~ Ci) 
U\C\ 


K(M s )(i . 


(3.2.25) 


From Eq 3.2.12 we obtain 



where we have replaced t = ^ and evaluated D at the shock. From Eq 3.2.19 for p>, 
Eq 3.2.21 for p ' and Eq 3.2.22 ford^, we obtain 


h 



y — i u\ 

2 c\ 


Pi 



A\ 

Aq 


(3.2.26) 


where fa = (l - £) 

With fa and fa determined, the solutions for the perturbation quantities p', ifa and (>' 
can be obtained as 


P = 


-p\u\c\ 


K 2 


A(k\(x — (ll\ — — Aq A(x) — Aq 


Aq 


Aq 


(3.2.27) 
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where is defined as 


K 2 = 1 




U\C\ 


it 



(3.2.28) 


and 



1 , A(ki(x — uit)) — Ao 


(3.2.29) 


and K 4 is defined as 



(3.2.30) 


An important thing to note is that the perturbations generated at the shock propa¬ 
gate back at the local sound speed u — c along the C~ characteristic. Thus when the 
flow becomes sonic, the perturbations remain stationary and thus build up and inval¬ 
idate the linearized approximation. Friedman (1960) developed an improved version 
of Chester’s solution by retaining the appropriate non-linear terms in the flow equa¬ 
tions. Flowever, it should be noted that when the perturbations build up, u — c changes 
away from zero and disturbances will propagate upstream (or downstream) thus avoid¬ 
ing further accumulation. In general, one is interested in the shock Mach number-area 
variation and the detailed solutions for the perturbations behind the shock are of lesser 
importance. 


3.3 Chisnell’s Theory 


Chisnell obtained the same result as Chester using a different approach. He first con¬ 
sidered the propagation of a shock wave in a constant area duct in which an abrupt 
small area change is encountered. He then analyzed the wave interaction processes and 
solved for the perturbation of the shock velocity resulting from the area change. The 
various wave processes are illustrated in Fig. 3.1 and we have assumed that the flow 
behind the shock is supersonic so that the reflected wave is swept downstream of the 
area change. However, the analysis also applies if the flow is subsonic and the reflected 
wave propagates upstream of the area change. Across the contact surface separating 
regions 4 and 5, the pressure and particle velocity are continuous, that is, m — ps and 
«4 = us. The reflected wave is either a compression or an expansion wave depending on 
whether the area increases or decreases respectively. If the area change is small, that is, 
^ « 1, the reflected wave is weak and can be considered as an acoustic pulse, where, 
p' = — pcu!. Across the incident and transmitted shock waves, the Rankine-Hugoniot 
relationships link regions 1 and 2, and regions 6 and 5, respectively. Using the pressure 
ratio as the shock strength parameter, that is, z = —, instead of the shock Mach number, 
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the Rankine-Hugoniot equations linking the regions across the incident shock wave are 
given by 


Pi = Pi 


(y + l)z+ (y - 1) 
(y - l)z+ (y + 1)’ 


u 2 = (z- 1 ) 


_ 2pi _ 

pi[(/ - i ) + z(r + i)] 


M 2 = {z- 1 ) 


yz[(y + 1 ) + z(y - 1)] J 


(3.3.1) 

(3.3.2) 

(3.3.3) 


where M 2 = ^ and c\ = Across the area change, Chisnell assumed steady quasi- 
one-dimensional isentropic flow. Thus between regions 2 and 3, we write 


P3 

P2 

Pi 

P2 

M3 

1/2 


yM\ 

A' 

M\ - 

1 A 

Ml 

A' 

Ml - 

1 A 

1 

A' 

Ml - 

1 A 


(3.3.4) 

(3.3.5) 

(3.3.6) 


Since p\ — p( and across the interface p 4 = ps, we can write the pressure ratio 
across the transmitted shock — = —. Since the strength of the transmitted shock dif- 

fers slightly from the incident shock, we may write — asz + z' = z(l + ^j where 
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« 1. Thus Bl = B± - 


P6 P 1 


: {1 + -). The pressure — can be written as — = — — — 

V z / r Pi pi pi p\ 


• (l — where we have used Eq 3.3.4 for We now write 

‘M) 


p± 

— — EL 
Pi — 


z /i _ 

Z V 1 Aff-1 A ) 


Expanding and retaining only first-order terms yield 

da E yM , 2 A' 

— = 1 -|- 1 —'— ± - 1 

P3 z M? — 1 A 


(3.3.7) 


A similar expression for ^ can be obtained as follows: Across the transmitted shock, 
the Rankine-Hugoniot equations give 

, . , n ( 2.P1 

= Ua — (Z + Z — 1 ) - 

XpiKy- i) + (z + 0(y + i)]. 

where we have used z + z' for the strength of the transmitted shock and we also write 
p 6 — p t and P 6 = P\. Across the incident shock, ip is given by Eq 3.3.2 and across the 
area change 1/3 is given by Eq 3.3.6. Thus we write 


114 

W 3 


( z -n(i + ^){ 


2pi 


Pi[(y-l)+( z + z ')(y+l)] 


(z-l)[ 


2 pi 


= 1 + 


E 


[pi(y-i)+ z (y+i)l 

1 A! 


_ (i + f) 


1 


Mj-l A 


z — 1 

and retaining only first-order terms yield 


1 

1 - 


(y + 1 ¥ 


— = 1 + Z 


1 A' 


2 [(y — 1 ) + z(y + 1 )] 

(y+\y 


m 3 z — 1 M\ - 1 A 2[(y — 1) + z(y + 1)] 


(3.3.8) 


Assuming a simple wave separating regions 3 and 4, we can write the Riemann invari¬ 
ant linking the two regions as 


Y -1 


c 3 + m 3 


y-l 


C4 “f- I/4, 


and obtain 


C 3 - C4 = C 3 ^1 - C y ) = 

Using the isentropic relationship, that is, 


y-l 


(114 — m 3 ). 


C4 


c 3 


P 4 


Pi 


— = — = 1 - 


1 /114 — m 3 


C 3 


we obtain 
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where we have expanded the bracketed form for small velocity differences. Thus we 
obtain 

^l-yM 3 (^-lV 

p-i V w 3 / 

Substituting the expressions for ^ (Eq 3.3.7) and ^ (Eq 3.3.8) into the above, we 
obtain 


(y + iy 


1 A' 


z' yMl A' _ _ H 

~z + M\ - 1 ~A ~ ~ yM3 Vz ~~ 2[(y - 1) + z(y + 1)] M\-\ A 


Since M 3 and M 2 differ by a term of the order of + , we may replace Mj by M 2 which 
is given by the Rankine-Hugoniot equation (Eq 3.3.2) as 

1 

2 

M 3 ~ M 2 = (z- 1) 


_yz[(y + 1) + z(y - 1)]_ 


Taking the limit + as A' —> 0, we get a differential equation for ^ as 


dA 


1 AA _ 1 1 y + 1 

Adz yz + z—l 2[(y + l)z + (y — 1)] 


yr[(y - l)z + (y + 1)] 


1 


(y + i)( z — i) 


(y - i)z + (y + i) 


2 [(y + l)z+(y-l)] 2(z — 1) 

If we replace z by the Rankine-Hugoniot equation 

2yM^ — (y — 1) 

Z = -. 

Y + l 

Equation 3.3.9 can be reduced to the form given previously by Chester, that is, 

A' -2 M S M' S 


(3.3.9) 


(3.3.10) 


A (M?-\)K(M s y 

Chisnell managed to integrate Eq 3.3.9 and obtained the shock-strength-area relation¬ 
ships as 


Af(z) = constant, 

where the function /(z) is defined as 

y _ 1\"5 n 


f(z) =zr(z- 1) Z + 


y + 1 


1 — R 


(3.3.11) 


(+) : 




R 




exp 


y- 1 


tan 


— 1 (2y*R 

y-i 


(3.3.12) 


R = 


1 + 


y + i 
(y -1>_ 


where 
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and 


z(M s ) = 


2 Y 

r + r 


■Mi 


Y ~ 1 

K+l' 


The constant of integration in Eq 3.3.11 can be evaluated given the initial shock strength 
z = zq sA A — Aq. 

It should be noted that Chisnell assumed steady flow across the area change. In real¬ 
ity, steady state requires a finite relaxation time after the passage of the shock wave. 
In applying Chisnell’s analysis to a continuous area change, the reflected waves will 
interact with the area change and the re-reflected waves will overtake the shock and 
influence its motion. Thus, we have to assume that the re-reflected waves cause only 
second-order effects for small area change. Thus, similar to Chester’s theory, the shock 
strength becomes a function of the local area change only. 


3.4 Whitham’s Theory 


Whitham (1958) obtained the same area-Mach number relationship of Chester and 
Chisnell in a more straightforward manner. He wrote the non-linear differential equa¬ 
tion for the C+ characteristic and substituted the expressions for the variables p, p, 
w, and c in terms of M s from the Rankine-Hugoniot equations. Integrating the resul¬ 
tant equation then gives the variation of the shock Mach number with the area change 
A(x). 

The equation for a C + characteristic is given by 


, p 2 cu cL4 

dp + pudu -\ -= 0, 

u + c A 


(3.4.1) 


where ^ = u + c for a C + . The Rankine-Hugoniot relationships for a normal shock are 
given by 


Pi_ _ 2 yMj - (y - 1) 

Po Y + 1 

pi _ (y + ml 

po 2 + (y — l)Mj ’ 

- = — (ms-~] 

co y+ 1 v MJ 


(3.4.2) 

(3.4.3) 

(3.4.4) 


If we drop the subscript 1 and take the differential for dp and d«, we get 

dp 4 yM s dM s 
Po K+l 
du _ 2 /Mj + 1 \ 

c 0 y + 1 V Mj ) 


(3.4.5) 

(3.4.6) 


The sound speed across the shock is given by 


[2yMj-(y-m2 + {Y-\)Mj\ 

(K + 1 YMj 


£1 

Co 


2 


(3.4.7) 
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Substituting Eqs 3.4.2-3.4.7 into Eq 3.4.1 and re-arranging yields 

dA _ X{M S ) d M s 

~A ~ ~ 


where 


and 


X(M S ) = 1 + 


1 


M? 




(3.4.8) 


li 2 = 


y +1 m 

2 + ( Y — l)M 2 


1 + 2 p + —— 


2 Y Mf-(Y-iy 
The function X(M S ) is essentially Chester’s function K(M S ), that is, 

2 

X(M S ) = -. 

K(M S ) 

Whitham’s choice for X(M S ) is perhaps based on its weak dependence on M s . For 
M s —> 1, Whitham showed that X(M S ) —> 4, whereas for M s —> oo, X -> 1 + ^ + 

which for y = 1.4, X —»■ 5.07. Thus we see that for the range 1 < M s < oo, the 
range for X(M S ) is only 4 < X < 5.07. Thus we may take X(M S ) to be constant and 
Eq 3.4.8 then integrates to yield 


A(M 2 — 1)2= constant. 


For a weak shock where M s : 
geometry where A ~ x 2 , M 2 — 1 


1, X ~ 4, then M 2 — I ~ A 2 . For the spherical 
- and since the shock overpressure — ~ M 2 — 1, 


the result gives ^ ~ j in accord with acoustic theory. For strong shocks where 
M s —>■ 00 and X —> 5.07, we obtain, 

? 107 

A{M S — 1) 2 = constant. 


Thus A(M 2 — I) 2 5 = constant. For cylindrical implosions where A ~ x s and M s 1, 

_ 1 _ 

then x s .A/ s 5 ' 07 = constant or M s ~ x s 507 ~ x “ 0 19723 . For spherical implosions, A ~ x 2 
and x 2 M 2 01 = constant which gives M s ~ x " 0 39447 . The exact similarity solution of 
Guderley (1942) for strong converging shock waves gives the exponent for x K as 0.19723 
for the cylindrical case and 0.39447 for the spherical case. Thus the agreement between 
the simple area rule of Whitham and the exact similarity solution is amazingly good. 
The area-Mach number rule does not apply for diverging blast waves because the shock 
strength depends on the flow field behind it and not just on the local area change. 

Whitham’s theory can also be applied to describe the propagation of a shock wave in 
a non-uniform density medium, that is, po(x). If po(x) is decreasing in the direction of 
the shock motion, the shock amplifies. If po(x) is increasing in the direction of the shock 
motion, then the shock attenuates. We shall consider a strong shock (i.e., M s —> 00 ) and 
the shocked state takes on its limiting form, that is. 

Pi _ 2 _ zq 

PqD 2 y + 1 D 
Pi_ = Y + 1 
Po Y — 1 


(3.4.9) 
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Table 3.1 Comparisons Between Whitham’s Theory 
and Similarity Solution 


w 

Whitham 

Similarity 

0.5 

-0.107625 

-0.103516 

1.0 

-0.215250 

-0.202135 

1.5 

-0.323876 

-0.290388 


For the planar geometry the equation for the C + becomes 

dp + pcdu — 0, 

and using Whitham’s “recipe” and applying it to the shock, we write 

dpi + p\C\du\ — 0. 


Using the strong shock conditions given by Eqs 3.4.9, we obtain 


dp\ = 


y + 1 


(D 2 dp 0 + 2Dp 0 dD), 


d«i = 


y + i 


d£>, 


and 


2 = ypi_ = 2 y(y - l )D 2 
C ‘ Pi (y + 1) 2 


(3.4.10) 


Substituting the above into the characteristic equation yields 

d D 1 dpo 

D 2 + ! 2y P° 

V Y -1 

Equation 3.4.10 indicates that D ~ pg a , where 


a =\2 


and the shock pressure p\ ~ p^ 2x - For y = 1.4, the value of a = 0.21525. If the den¬ 
sity variation is given by a power law po(x) ~ x w , then D ~ x~ wcl . For strong shocks 
propagating in a non-uniform density field, there exists also an exact similarity solution. 
Comparing the result from Whitham’s theory to the similarity solution for y = 1.4, the 
various values of w are given in Table 3.1. 

As can be observed, the results are in reasonable agreement in spite of the simplicity 
of Whitham’s method. 












4 Blast Wave Theory 


4.1 


Introduction 


A blast wave is a shock wave whose strength decreases as it propagates away from 
the source. Blast waves are generally formed by the rapid release of energy from 
a concentrated source (e.g., detonation of a condensed explosive charge). At early 
times, the blast motion is influenced by the initial properties of the source, for exam¬ 
ple, source dimension and energy release profile. At later times, the shock radius 
and time are large as compared to the source dimension and the characteristic time 
of the energy release. The source characteristic now no longer influences the shock 
motion. Thus the blast wave can be approximated as that due to an instantaneous 
point energy source. The propagation of an ideal strong point blast is described by 
an exact self-similar solution. This solution was first obtained independently in the 
early 1940s by Taylor (1950b, c), von Neumann (1963), and Sedov (1959). Noting 

that the important parameter of the problem (i.e., E 0 , p 0 , R s ,t ) can form only one 

1/5 

dimensionless group Taylor (1950b,c) obtained the result for the shock 



position as 



(4.1.1) 


where A is a constant which can be determined from the conservation of energy. Equa¬ 
tion 4.1.1 can also be written in the form 



(4.1.2) 


The above equation gives a straight line in the |log 10 7?. s versus log 10 / plot and 
Fig. 4.1 illustrates the remarkable agreement with the experimental data from the 
high speed movie of the fireball from the Alamogordo test of the first nuclear 
bomb. 
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4.2 



Basic Equations 


The basic equations that govern the flow behind the blast wave are given as 


dp 

at 


dp du jpu 


dr 
du 
~dt " 


dr 

du 


= 0 , 


1^ = 0, 


dr p dr 


*= 0 . 

Dr 

where j = 0, 1,2 for planar, cylindrical, and spherical symmetry, respectively. 
From thermodynamics, the entropy can be expressed as 

s De p Dp 


(4.2.1) 

(4.2.2) 

(4.2.3) 


Dr Dr 


Dr 


Noting that e = for a perfect gas and using Eq 4.2.1 for Eq 4.2.3 becomes 


Dp 

Dr 


yp- 


du yjpu 


= 0 . 


(4.2.4) 


dr r 

We seek a self-similar solution to Eqs 4.2.1 — 4.2.3 of the form where the dependent 
variables are functions of r, t via the similarity variable £ = . Defining the following 

non-dimensional variables, 


M) = 


P(r, t) 
Po 


0G) = 


u(r, t ) 

ItAtj’ 


m = 


P(r, t) 

polity 


? = 


RAt)’ 


(4.2.5) 
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Equations 4.2.1, 4.2.2, and 4.2.4 become 


(0- 

£)0' + 00' + ^ = 0, 

(4.2.6) 

(0- 

$)0' + 00+y/ = 0, 

(4.2.7) 

(0- 

, , y i4>f 

%)/ + 20/ + y/0 + = 0 , 

(4.2.8) 

where the parameter 0 is given by 



P,P, 

0= 

(4.2.9) 

For a self-similar solution, 0 in Eqs 4.2.7 and 4.2.8 must not be dependent on R s (or 

time) explicitly. Thus 

R S R S 

0 = —r— = constant. 


Rewriting Eq 4.2.9 as 



0 

P^P,, d In P,, 

= —v—- = -= constant, 

P^ d In P s 


we can integrate and obtain 

R s = CR e s , 

(4.2.10) 


where C is a constant of integration. 

Equations 4.2.6—4.2.8 can be integrated when 0 is determined. Solving for the deriva¬ 
tives i/P, 0', /', we obtain 


- [(0 - H ) 2 i f - + 20/ - 000(0 - £) 

/ _ _L_f_. 

( 4 > ~ £)[(0 - ?) 2 - Y i 

- 00 ( 0 -$) + £(: 2e+ Y -jf) 

-( 0 - 1 ) (2 0f+zif) + yf 4 >e 
(<P-$) 2 - Y i 


(4.2.11) 

(4.2.12) 

(4.2.13) 


The boundary conditions at the shock front § = 1 are given by the Rankine-Hugoniot 
equations. For strong shocks, we write 


, n , Pi Y + 1 

0(1) = — = -7- 

Po Y ~ 1 

Ml 2 

0(1) = 1T = —rr- 

R s y + 1 


/( 1 ) = 


Pi 


PoP? y +1 


(4.2.14) 

(4.2.15) 

(4.2.16) 
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The solution must also satisfy the rear boundary condition that at the center of sym¬ 
metry r — 0 (£ = 0), the particle velocity must vanish, that is, 0(0) = 0. 


4.3 


The Energy Integral 


To determine 9, we consider the energy integral. At any instant when the shock front is 
at R s , the conservation of energy can be written as 


E 0 = 



(4.3.1) 


where kj = 1, 2;r, 4jt for the three geometries of planar (J = 0), cylindrical (J = 1), 
and spherical (j = 2). In Eq 4.3.1, we have neglected the initial internal energy eo when 
compared to e. For a perfect gas, e = p( y_ 1) and, in terms of the non-dimensional vari¬ 
ables 0,0,/, §, Eq 4.3.1 can be written as 


E 0 = pokjIR]Rj+\ 


(4.3.2) 


where I is the dimensionless integral 



From Eq 4.2.10 where R s = CR e s , we can integrate and obtain 

R s = [C(l-9)]^t^>. 


(4.3.3) 


(4.3.4) 


We can write the above in a more convenient form as 

R s = At N , (4.3.5) 

where 

A=[C(l-0)]&, (4.3.6) 

N= Y^9’ (43 ' 7) 

or 9 = - J ■ (4-3.8) 

Using Eq 4.2.10, the energy integral becomes 

E 0 = PokjIR 2 s R{ +l = pokjIC 2 R] 0+j+l . (4.3.9) 

Since the left hand is a constant, the exponent of R s on the right hand side must 
vanish, and hence we obtain 


thus 


26 + y+l = 0, 


7+1 


2 


(4.3.10) 
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Equation 4.3.7 then gives 


N = 


1 


(4.3.11) 


1-0 y+3 

Thus R s ~ t 2/3 , /s’, ~ t 1/2 , and R s ~ t 2/5 , for strong planar, cylindrical, and spherical 
blast waves, respectively. From Eq 4.3.9, the constant C can be obtained as 


C=(*-L 
V Po kjl 

and substituting the above equation into Eq 4.2.10, we obtain 

*- = ?F7 s ^ +,> ' 

Po kjl 

Defining a characteristic explosion length Rq as 


Rn = I — 
Po 


and noting that M s — — ,Eq 4.3.13 can be written as 


M: = 


1 


ykjl) \R 0 


Rs 


—O+i) 


(4.3.12) 


(4.3.13) 


(4.3.14) 


(4.3.15) 


From Eq 4.2.16, we write the shock pressure ratio as 

£i = / „ ; 2 , 
po y +1 

and using Eq 4.3.15, the shock pressure becomes 


Pi_ 

Po 


y + 1 \kjl 


1 


-O+i) 


(4.3.16) 


From Eqs 4.3.15 and 4.3.16, we note that M 2 and the shock pressure are proportional 
to the averaged volumetric energy density of the blast wave. From Eqs 4.3.6 and 4.3.12, 
the constant A can be obtained as 


A = 


Rs 


'M* 1 /(./ + 3) 2 y +3 

sPo) \ 4k jl ) 
and the shock trajectory given by Eq 4.3.5 then becomes 

'C/ + 3)*] 755 (cot\& 

Ro. 


(4.3.17) 


(4.3.18) 


R 0 I Ay kjl 

The shock temperature ratio ^ can also be obtained by noting c\ = and hence 
^|i^ = Using Eq 4.3.16 for the shock pressure and ^ the shock 


II - 

To 

temperature is obtained as 


2 (y - 1 ) 1 

To L(y + l ) 2 kjl 


-O+i) 


(4.3.19) 
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Similarly, the particle velocity behind the shock can also be determined as 


Ml 

co 



(4.3.20) 


All these expressions (i.e., Eqs 4.3.15, 4.3.16, 4.3.18^1.3.20) contain the dimen¬ 
sionless integral / (Eq 4.3.3) which can be evaluated when the solutions for i/r(£), 
</>(£) and, /(f) are determined upon the integration of the basic equations (i.e., 
Eqs 4.2.11^1.2.13). von Neumann, Kynch, and others have obtained closed form ana¬ 
lytical solutions for the constant energy strong blast problem for the particular value of 
6 — — j. However, the closed form solution is rather lengthy and complicated and 
it is more convenient to simply integrate Eqs 4.2.11-4.2.13 numerically. 

Note that an alternate definition of the explosion length was given by Bach and Lee 
(1969) which includes the geometrical factors kj and y, that is, 


Ro = 



j +1 


/ Eq \ '+> 
\Poc 2 0 kj) 


(4.3.21) 


This definition has the advantage that kj no longer appears in the various expressions 
and thus simplifying Eqs 4.3.15—4.3.20. In terms of the Rq defined by Eqs 4.3.21,4.3.15, 
4.3.16, and 4.3.18 reduce to the following 


Mt 


1 

7 



(4.3.22) 


m = (RA~ u+l) 

po y + l / \^o/ 


(4.3.23) 


r s _ ( u+3) 2 y 3 (co 

Ro V 4 1 ) \rJ 


(4.3.24) 


The new definition of Rq given by Eq 4.3.21 also represents the ratio of the blast 
energy Eq to the initial internal energy inside a volume of dimension Rq. This ratio is a 
constant of the order of unity, that is, 

E ° = y(y ~ !)(/ + 1) — °[1], (4.3.25) 

PokjR 0 e 0 

7+1 

_2 

where we have used the expression eg = Poi y°_ l) = y^-D f° r a perfect gas. 

For y = 1.4 and the value of 0 = — Eqs 4 . 2 . 11 ^ 1 . 2.13 are integrated numer¬ 

ically for planar (J = 0), cylindrical (J = 1 ), and spherical (J — 2 ) blast waves. The 
strong shock boundary conditions given by Eqs 4 . 2 . 14 — 4 . 2.1 6 are used at the shock 
front (§ = 1 ). The velocity, density, and pressure profiles are shown in Figs. 4 . 2 ^ 1 . 4 . 
The temperature profile behind the blast wave can be obtained from the pressure and 
density profiles (i.e., jr = J— = p), and is shown in Fig. 4 . 5 . 
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Figure 4.2 Density Distribution Behind the Shock Wave 
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Figure 4.3 Pressure Distribution Behind the Shock Wave 












li/u, 



Figure 4.4 Particle Velocity Distribution Behind the Shock Wave 
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Figure 4.5 Temperature Distribution Behind the Shock Wave 
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4.4 



Figure 4.6 The Shock Pressure as a Function of Shock Radius 

The density profile shown in Fig. 4.2 reveals that the mass is fairly concentrated 
at the shock front. With the density decreasing to a very low value toward the center 
of symmetry while the pressure remains constant (Fig. 4.3), the temperature increases 
behind the shock front to a very high level toward the center of symmetry. Thus the 
temperature of the core of the blast wave is extremely high (Fig. 4.5). 

From the solutions for </>(£), 0(f), an d /(£)> the energy integral can be evaluated. 
The decay of the shock pressure (Eq 4.3.23) and the shock trajectory (Eq 4.3.24) with 
the shock radius can readily be obtained. These are shown in Figs. 4.6 and 4.7. 


Integrals of the Similarity Equations 


The similarity equations given by Eqs 4.2.6^1.2.8 can also be integrated analytically. 
Dividing Eq 4.2.6 by 0(0 — f) and re-arranging gives 

r , (^-gy , j , y + i 
0 




(0 - H) I (0 

Similarly, dividing Eq 4.2.8 by f(<p — f) yields 

/' , r(0-gy , Yj , 20 + 2(7 

/ 

l 


= 0. 


1) 


= 0. 


( 0 - 1 ) £ ( 0 - 1 ) 

Eliminating and adding the two equations give 

20(1-0)' , 29j 


0' /' 

[2e + y(j +1)]^ - (j + iy- 

0 / 


(£- 0 ) 


= o, 


(4.4.1) 


(4.4.2) 
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Figure 4.7 The Shock Trajectory as a Function of Shock Radius 


which integrates to yield the so-called first integral, that is. 




l/r(£ — (p)rV+»+ 2l > £ i'U+i )+28 

r _ 1+1 _ 

f v(J+ 0+28 


= constant. 


(4.4.3) 


The constant of integration can be evaluated using the boundary condition at the 
shock front £ = 1, that is, 

■(/ + iF +i y +1 


L 2 (y - 1 y J 


(4.4.4) 


where the value of 0 — — has been used. 


A second integral can be obtained by multiplying Eq 4.2.6 by Eq 4.2.7 by 
and Eq 4.2.8 by y-^. Adding the resulting equations and re-arranging yields 

j(<j> — £ )i j f d> 

(<P - + (0 - I)'i + g + 07 + f'4> + -y- + (2e + j + 1 )i = 0, 

(4.4.5) 

where i = y—^ + For the particular value of 0 — — the last term in the above 
equation vanishes and integrating Eq 4.4.5 then yields 

f y [(</> — §')( + /0] = constant. 

Using the strong shock condition (i.e., Eqs 4.2.14-4.2.16), the constant of integration 
is found to be zero and we obtain the second integral as 

\j/<p 2 s 


( 0 “£) 


/ 

y — i 


+ /0 = o. 


(4.4.6) 
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Unlike the first integral (i.e., Eq 4.4.3) which is valid for arbitrary values of 9, the 
cond integral (Eq 4.4.6) requires that 9 — — 

A third integral can also be obtained using Eq 4.2.12 for </>', that is, 


- 00 ( 0-§)+^(20 + ^) 

= » ' 

From the second integral (Eq 4.4.6), we can obtain j in terms of (/> and as 

> - 1 \ </> 2 (</> - £) 


/ 




Substituting the above equation into Eq 4.2.12 and using the value of 9 = — ( 
we obtain 

, = <P [yAy - 1 )0 2 - M\(j + i)( 2 y -!)] + (/•+ 1 )g 2 ] 

* H [y(y + l) 0 2 - 2 (/ + l) 0 f+ 2 § 2 ] 

Defining a new variable / = f, the above equation can be written as 


4=<uf ^ 


13 


where 


A, = 


7 + 3 


X X - «i X — a 2 


= N, 


(4.4.7) 


+2 = 


Y + l 


2 + (Y~ 1)(7+1) 


+3, 


y — 1 

^3 = -77T+2(y-l), 


7+1 


«i 


7 + 3 


2 +C/+ i)(y - i) 

1 


«2 = 


Y 


Integrating Eq 4.4.7 yields 

Kt, (</> 


<P 

T - Of 1 


0 

?-“ 2 


(4.4.8) 


t U, 

The constant of integration K 3 can be evaluated using the strong shock condition 
(Eq 4.2.15) at § = 1 as 


K, = 


[ 0+l)(r-3)-2(y-l)l^ : 

2 (r- lY 13 

2+0+D(r-i) 

V V ) 


(y + \y 4 i+ A i+ A ^ 


(4.4.9) 
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The middle term in the numerator of the right hand side of Eq 4.4.9 is valid for 
the case [(y + 1 )(y — 3) — 2(y — 1)] > 0. For the case where [(j + 1)(y — 3) — 2(y — 
1)] <0, Eq 4.4.8 should be written as 


Ml)' 



and Kj now takes the form 


1" 2(y—l)—O+iKy—3)l^ : 

Vz-iV 3 

2+C/+1XZ-1) 

V V J 


(y + l) A,+A,+A3 


(4.4.10) 


(4.4.11) 


For the planar (J — 0), cylindrical (J = 1), and spherical cases (J = 2), the term (J + 
1 )(y — 3 ) — 2(y — 1) has the values —(y + 1), —4, y — 7 , respectively. Since y > 0, 
we see that for planar and cylindrical blasts, [( / + l)(y — 3 ) — 2(y — 1)] is always less 
than zero. Thus the form of the third integral given by Eq 4.4.10 is always valid. For the 
spherical geometry, Eq 4.4.10 is valid for y < 7 . For most practical cases y < 7 and 
thus the third integral as given by Eq 4.4.10 is the form to be used in general for all 
three geometries. 


4.5 Closed Form Solution for Blasts 


From the three integrals given by Eqs 4.4.3, 4.4.6, and 4.4.10 the solutions for (/>(§), 
i//(£), and /(£) can be obtained. The simplest way to obtain the solution is to use the 
third integral to determine f in terms of | first. Then f (§) and \jr ($) can be found from 

the first and second integrals. Using the value of 0 = — Eq 4.4.3 can be written 

in the following form 


(r~ l \ j+l 

KK + m 1 ] 

V / ) 

L 2(y - i)y J 


s ju+i) (t - </>y +1 . 


(4.5.1) 


From the second integral, we obtain, 

/ = />—l \ 0 2 (g - <P) 
if V 2 ) (y<p-H)' 


(4.5.2) 


Solving for i fr by eliminating / from the above equations yields 
(y + 1F+V 2 l7+1 


jj-ir- 2)0'+i) _ 

L 4(y — iy~ 1 {y4> — ^)J 

Re-arranging, the above equation gives 

(y + l) y+ V 2 


x[r = 


4(y - ly-W - ?) 


($ - (p) 2u+1) $ J °+l). 




(4.5.3) 


(4.5.4) 
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Substituting the above equation for 0 into Eq 4.5.2, / can be obtained as 


/ = 



r (k +1 ) r+1 1 

Y-2 

0 2 

_4 (y ~ l) y_1 _ 


_Y<t> ~ g. 


g r ~ 2 (g 


- (p)y-K 


(4.5.5) 


The third integral gives 0 as a function of f. Thus solutions for 0(f), 0(f), and /(f) 
are given by Eqs 4.4.10, 4.5.4 and 4.5.5, respectively. The solutions can be written in a 
more convenient form by defining the following parameters 


Pi 


1 

0U) 



Pi 


1 

0(1)- 1 



Pi 


1 

K0O) — 1 \ £ / 


1 




(4.5.6) 


where 0(1) = /py is the value of 0 at the shock front. Note that all the P’s are unity at 
the shock front f = 1. 

Using Eq 4.5.6, the third integral can conveniently be expressed as 


$ = Pi 


2 Y~ 1 

7+3 p o+i)+2(y-i) 


P~^\ 


(4.5.7) 


where A 2 is given previously by Eq 4.4.7. In terms of the yS’s, the solutions for /(f) and 
/(f) are obtained as 


0(g) 

0 ( 1 ) 


2 7+1 -A 2 (j+3) 

= y 6/- 2 /3' /+ll+2,, '- 1, /3 4 y - 2 


/(g) 

.AD 




0(g) ,2 

0 ( 1 ) ’ 


(4.5.8) 


(4.5.9) 


where 0(g) and f are given by Eqs 4.5.8 and 4.5.7, respectively. 

To obtain the temperature profile, we note that the sound speed can be written as 


c 


2 


YP 

P 


= yRT. 


Thus 


T(M) _ /(g) 0(1) 
/(l) /(l) 0(g)’ 


(4.5.10) 


where /(l) is the temperature at the shock front. Solutions for /(f) and 0(f) are given 
by Eqs 4.5.9 and 4.5.8, respectively. 

Since the entropy of a fluid particle remains constant after crossing the shock, then 
= constant. The Lagrangian coordinate of a particle can be expressed in terms of the 
pressure and density. Denoting the Lagrangian coordinate of a particle by r p (t) whose 
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Figure 4.8 Lagrangian Coordinate of a Particle Whose Initial Position Is ro 


initial position is ro, as shown in Fig. 4.8, we can write 

p{r P ,R s ) _ p(rp, R s = r 0 ) 
pY(r p ,R s ) p y (r 0 ,R s = r 0 y 

Since /(£) = and /(g) = P ^'\ we can write 

PoR 2 s f(%) = Po^/U) 

Po/ y (g) Plf v (\Y 

hence 

m _ m r 2 0 

iKg) tKO )R 2 s' 

Note that f q is the shock velocity when the shock is at R s = ro. Using the energy integral 
(Eq 4.3.9), we obtain 

i = /^ y +1 

R 2 S w ’ 

hence 


/(g) _ /xi) /^y' +1 /^y +1 

lK(g) /d) V r ) \r 0 ) 

and solving for we get 

l = r/Mi ( 

ro L/(1)W (g)/ . ’ 


(4.5.11) 


In the above equation r is the position of the fluid particle originally at ro when it 
crosses the shock. Solutions for /(§) and /(g) are given by Eqs 4.5.8 and 4.5.9. 
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To determine the profiles 0(£), </>(£), and /(§) for a given geometry j and value 
of y, a convenient procedure could be to first choose a value of |. The value of f>\, 
P 2 , Pi, and @4 are then evaluated (Eq 4.5.6). With the /Is known, the profiles can then 
be computed from Eqs 4.5.8 and 4.5.9. The temperature profile is determined using 
Eq 4.5.10 and the Lagrangian coordinate from Eq 4.5.1 1. 

Although a closed form solution can be obtained for the strong blast problem, the 
expressions are implicit and complicated. Thus, direct numerical integration of the set 
of similarity equations is more convenient in general. 


4.6 


Properties of the Constant Energy Solution 


From the integrals and the closed form solutions obtained, the properties of the constant 
energy solution can be investigated. Consider first the behavior of the solution near the 
center of symmetry $ — 0. For £ <<C 1, we may write the solutions in the form of a power 
series in §, that is. 


<p(t) = M ai +<P ir 2 + --- 

m = <Pos ci +M ci + --- 


Substituting the expression for </>(§) into the third integral (Eq 4.4.10), we find that 
ai = 1 and (po = ^ or 2 +(j+V)(Y-\) ' correc1: solution f° r 00 is t, since the latter 
yields an unsatisfactory value for ai (fl 2 must be greater than unity for </>' to be finite as 
f —* 0). Using </>o = f, 02 is obtained as 


ai 


7+1 
V ~ 1 


+ 3. 


And the coefficient <p\ is found to be 


2 +l+2(y-l) 

/ 7 + 3 _ l\ A > 1 

\2 + (y + i)(y — i) r) Ki 

where A 2 and W 3 are given by Eqs 4.4.7 and 4.4.9. Substituting the expansions for ) 
and /(|) into Eqs 4.5.4 and 4.5.5 yields 


r -1 

(4.6.1) 



00 


(y + 1F+ 1 
4 (y - 1 y~ 3 y 5 (pi 


(4.6.2) 


= (y - i) 2 0o 

2y 4 0i 


ci = 0 

C 2 = b\ + 2 


(4.6.3) 
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Thus the solution near the center of symmetry (f = 0) can be written as 


<Mf) = - + 0!# +3 + --- 
Y 


HH) = 


(y + i) y+1 
.4 (y - iy~ 3 y 5 (t>i 


:r-l + 


+/,#«+ 

2y 4 0 o 


(4.6.4) 


where </>i and are given by Eqs 4.6.1 and 4.6.2. For the particular case of spherical 
blast (J — 2) and for y = 1.4, Eq 4.6.4 becomes 


5 21 

</>(£)= + </>i£ 2 H— 

VKf) = / 0 f ¥ + --- (4 ' 6 ' 5) 

/(*) = /o+ /!$”+■■■ 


Note that the exponent of f is a fairly large number, hence the solution given by 
Eq 4.6.5 is valid for values of f even quite far away from the center. The exponent of 
the density profile is also fairly large indicating that the mass behind the blast wave is 
concentrated near the shock front (particularly when y ~ 1). For example, for j = 2, 
y — 1.4, /(f) — > f j 1 - 1 = f . Thus, the blast resembles a thin spherical shell where 
most of the shocked gas is concentrated and very little mass is found away from the 
shock front. 

In the above consideration, we have considered the case where (J + I )(y — 3) — 
2 (y - 1) < 0 and so the third integral is of the form given by Eq 4.4.10. For 
\{j + l)(y — 3) — 2 (y — 1)] > 0, the third integral is given by Eq 4.4.8. It is found 
that there is a value f = fo when r/r = 0. Thus a vacuum “hole” exists. Near the vacuum 
edge fo, the solution can be written as 


with 


/(f) = / 0 *(f-fo)^+--- 



(4.6.6) 


The coefficients <j>*, /g, and tg can be determined by substituting the expansions 
(Eq 4.6.6) into the third integral and using the solutions for /(f) and /(f). For large 
values of y, the exponent of (f — fo) in the density profile is small (i.e., ^ 1 when 
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Y 1)- Thus the density increases sharply from zero for § > £o- The vacuum interface 
is essentially a density interface. In general, the values of y — 1, and thus the form for 
the third integral given by Eq 4.4.8 applies. 

For the particular case of spherical blast (j = 2) and y = 7, the solution is par¬ 
ticularly simple. From Eq 4.4.11, we note that Kj = 0, and thus the solution for </> 
(Eq 4.4.10) gives a linear velocity profile 


t = I 

% 4' 


(4.6.7) 


The solutions for \jr (£) and /(£) (Eqs 4.5.4, 4.5.5) reduce to 


(4-6.8) 

m=J- (4-6.9) 


Thus the particle velocity and density profiles are linear and the pressure profile is cubic 
with £. In general the profiles can readily be obtained by numerical integration of the 
similarity equations. 


4.7 Variable Energy Blasts 

For energy release that is a function of time, self-similar solution is still possible for 
strong shocks. The blast wave generated by an expanding piston is a practical example 
of a variable energy blast wave. The piston problem is analogous to the hypersonic flow 
over blunted nosed slender bodies. 

Consider the flow generated by an expanding piston R p (t) and the flow is bounded 
by the shock and the piston, that is, R p < r < R s , or % p < £ < 1. The flow is governed 
by the self-similar equations (i.e., Eqs 4.2.11—4.2. 13) and the boundary condition at the 
shock front £ = 1 is given by Eqs 4.2.14 — 4.2.16. The value of 6 can be determined from 
the energy integral, that is, 

£o( ' )= £’(^t 

In terms of the similarity variables, the above can be written as 

E 0 (t) = poktfRi+'l. (4.7.1) 

where 



We may express Eo(t) in terms of the shock radius R s (t) and write 


E 0 (t) = BR°(t), 


( 4 . 7 . 2 ) 
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where Eq(j) is expressed as a power law of R s (t). When a = 0, we obtain the constant 
energy solution considered in previous sections. Using Eq 4.7.2, the energy integral 
(Eq 4.7.1) becomes 


B = p 0 kjC 2 R 2 s e+j+l - a I, 


(4.7.3) 


where for self-similar solutions, 0 — constant and R s = CR e s . Since the left hand side 
of Eq 4.7.3 is constant, the right hand side must not be explicitly dependent on time 
(or R s (t)). Thus the exponent of R s must vanish giving 


U + 1 ) — « 


(4.7.4) 


When a = 0, we obtain 0 = — for the constant energy solution discussed 

previously. 

For a = j + 1 , Eq 4.7.4 gives 0=0 and R s = constant and R s ~ t, that is, constant 
velocity shock wave driven by a constant velocity piston. For a > j + 1 we note that 
0 > 0 and R s —> 0 as R s —> 0. Thus, the shock accelerates from zero velocity initially 
violating the self-similar requirement. Therefore, 0 < a < j + 1 and the corresponding 
range for 0 is 



< 0 < 0 . 


(4.7.5) 


Since 0 = — the range of values for the time exponent of the shock trajectory 
R s ~ t N is 

(4.7.6) 

Once the value of a is specified, the value of 0 can be obtained (Eq 4.7.4) and the 
self-similar equations (i.e., Eqs 4.2.1 1 —4.2.1 3) can be integrated using the strong shock 
conditions (i.e., Eqs 4.2.14—4.2.16) at the shock front £ = 1. The integration terminates 
at the piston surface § = t- p where 0 = <p p = f p (particle velocity equals to the piston 
velocity at the piston face). Also, in order for the density to be finite at the piston sur¬ 
face, certain restrictions on the range of 0 are imposed. From the first integral obtained 
previously, that is, Eq 4.4.3 


26 26j 

_ (p)2B+y(J+2) ^ 26+rU+l) 

--= constant, 

f 2»«?+U 


(4.4.3) 


2 9 

we note that as (§-</>)—>- 0, the density i/r —► (£ — </>) ^ if the left hand side of 

Eq 4.4.3 is to remain a constant. Furthermore, if i j/ is to be finite as (§-</>)—*- 0, then 


20 

20 + YU+ 1) 


> 0 . 


(4.7.7) 


Since 0 = — (++), the above equation can alternately be written as 


2(1 — N) 

> 0 , 


Ny(J + 1) — 2(1 — TV) 


(4.7.8) 
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where N is the time exponent of the shock trajectory R s ~ t N . Since N < 1, we require 
that Ny(J + 1) — 2( 1 - N) > 0 or N(2 + y(j + 1)) — 2 > 0. Thus 


2 + y(J + 1 ) 


However, from Eq 4.7.4 


hence 


N = 


2 

j + 3 — a' 


2 2 
7 + 3-a > 2+ y(y'+l)’ 


ory + 3—a<2 + y(J + 1 ) which gives a > — (y — \ )(j + 1). For a shock wave to 
exist at t = 0, we see that a < j + 1 . Thus 


- (y - 1)C/+ 1) < a <7 + 1- (4.7.9) 

If a is within the limits stated in Eq 4.7.9 above, then the density will be finite at the 
piston surface (<p — $ ) = 0. Since a — 0 corresponds to the constant energy blast, the 
range of values for a in practice is given by 


0 < a < j + 1. 
t N 


(4.7.10) 


The shock trajectory is given by R s = At N , with N = j+ ^_ a , the energy integral 


(Eq 4.7.1) gives the value of A as 

A = 

Defining an explosion length Rq as 


B 


PokjIN 2 


( B \» 1=5 

Ms) 


the shock trajectory can be obtained as 


h 

Ro 


7 + 3-a 


ykjl 


1+ 3 -« 


cot y +3 -" 
Ro. 


(4.7.11) 


The Mach number square M 2 can be obtained from Eq 4.7.11 by differentiation as 

1 1 


M 2 = 


Ykjl ^y7+0-“- 


The shock pressure can also be obtained from Eq 4.7.12 as 


- = ym] 

Po 


Y + 1 


Y + 1/ \kjl 


1 


1 


(I) 


j+\-ot ' 


(4.7.12) 


(4.7.13) 
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The above results reduce to the constant energy blast solution when a = 0. The 
dimensionless integral / can be evaluated when the similarity equations are integrated 
for given value of a and y. 

Alternately we may include y and kj in the definition of the explosion length, that 
is, 



In terms of this alternate definition, Eqs 4.7.11 and 4.7.12 get simplified to 



and 







5 Homentropic Explosions 


5.1 


Introduction 


There is a class of explosion problems in which the explosion front propagates at a 
constant velocity. Thus the entropy change across the front is the same for every particle 
and, if there are no further entropy-generating mechanisms behind the front, the entire 
flow field behind the front will be isentropic. Flow with uniform entropy throughout is 
refered to as homentropic flow. For lack of a better name, we shall refer to this class of 
problems as “homentropic explosions.” 

For isentropic flow, there exists a relationship between the pressure and the density 
(i.e., the isentrope). Thus using the isentropic relationships, the number of dependent 
variables can be reduced, and accordingly, one of the three conservation equations can 
be eliminated. 

The similarity equations for one-dimensional planar, cylindrical, and spherical sym¬ 
metries derived previously are given by 



(5.1.1) 

(</» - + 9cf> + L = 0 , 

y/ 

(5.1.2) 

, , y i<t>f 

(0 - 1 )/' + 26 f + Y f4> + = 0 , 

(5.1.3) 


where = ^, </> = Jf-, / = f = Jr and 0 = as discussed earlier. For a con¬ 
stant velocity shock front, R s ~ t, hence 0 = 0 in the above equations. For homentropic 
flow, the sound speed is generally chosen as a dependent variable instead of p and p 
independently. The sound speed c is given by 


c 


2 


YP_ 

P 



(5.1.4) 


and defining a new variable /I as 


^ = vf 

R2 lA ’ 


.2 


(5.1.5) 
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Figure 5.1 Shock Wave, Contact Surface, and Expansion Fan in the Shock Tube Problem 


Eqs 5.1.1-5.1.3 can be reduced to 


0 ' = 


j<PP 2 

t;[(cP - i ;) 2 - P 2 Y 


-(y - 1)(0' - 

2£[(0 - I ) 2 - P 2 } 


(5.1.6) 

(5.1.7) 


for the two dependent variables , 0. The boundary conditions at the shock front f = 1 
are given by the Rankine-Hugoniot relationships, 

0(1) =^-r( 1 - rtl (5.1.8) 

Y + 1 


m = m = (k+J [(2K " (K " 1)??)(y “ 1 +2 " )] ' ’ (5 ' L9) 

where r] = jp and, M s = where Cg = ^ is the sound speed in the medium ahead 
of the shock. Given a shock speed, Eqs 5.1.8 and 5.1.9 give 0(1) and /3( 1) at the front 
f = 1. The similarity equations (i.e., Eqs 5.1.6 and 5.1.7) can be integrated to some rear 
boundary that depends on the particular explosion problem. 


5.2 The Shock Tube Problem 

A simple and useful example of a planar explosion is the shock tube problem. Consider a 
high-pressure gas to occupy the negative half space — oo < r < 0 and a low-pressure gas 
in the positive half space 0 < r < oo. A diaphragm separates the two regions initially. 
At t > 0, the diaphragm is suddenly removed and a shock wave propagates into the low- 
pressure region r > 0, and a centered expansion fan propagates into the high-pressure 
region r < 0. The wave diagram of the explosion is given in Fig. 5.1. 
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Across the shock, 0 -* 1, the state 0(1) and /i(l) are given by Eqs 5.1.8 and 5.1.9 
but the shock strength rj (or M s ) is as yet unknown. The contact surface separates the 
shocked gas from the expanded gas from region 4. Thus the contact surface acts as a 
piston driving the shock front. The pressure and particle velocity are uniform across 
the contact surface, thus 0(2) = 0(1) and /(2) = /(l) (where / = is the dimen¬ 
sionless pressure). Region 3 is a non-uniform region of unsteady isentropic flow and 
this region is governed by Eqs 5.1.6 and 5.1.7. The head of the expansion fan r — Rf, 
propagates at the sound speed C 4 of the high-pressure region, that is, A/, = C 4 . 

For planar geometry where j — 0, Eqs 5.1.6 and 5.1.7 either give 0' = 0, A' = 0 
which implies that either the flow is uniform or (0 — § ) 2 — /0 2 = 0 and 0' and ft' can 
then be finite. The non-steady flow in region 3 corresponds to (0 — f ) 2 — /J 2 = 0, thus 
(0 — |) = ±/3. Dividing Eq 5.1.6 by 5.1.7 gives 

V_ = _ 2 _ p_ 

P' Y — 1 0 — § ’ 

Thus j; = which integrates to yield 

2 

0 = q=-/I + constant. 

y -1 

Since =F/S = — (0 — £), the above equation gives 

2 

0(£)= -£ + constant, (5.2.1) 

Y + 1 

P(H) = =F ( ^rqrj") £ + constant. (5.2.2) 

We take the negative sign in Eq 5.2.2 since fi decreases as f increases. At the head of 
the expansion fan, £ = f/,, 0(£/,) = 0 and P(Ah) can be obtained from (0 — £) 2 — fi 2 = 
0 where at % = f*, 0(£*) = 0 and hence /?(£/,) = — §*. The solution for the non-steady 
expansion region is thus 

0 (£) = - HhA (5.2.3) 

y +1 

m = - (t^t) g - &) ~ ( 5 . 2 . 4 ) 

where 

m) = -h=j- = (--ri V- (5-2.5) 

^ VPO P4 / 

Since ft = ) 2 and the isentropic condition give = constant, we have 








90 


Homentropic Explosions 


where K is some constant. Using the above equation, we can write 


m m~' 


/&) 0(f*)&' 


And since /6(f/,) = —f*, we get 

m = m) 


& 

~%h 


Further, using Eq 5.2.4 for /6(f), we get an expression for/(f) as 


m = m) i + 


x —i(f-f, )V 

y + l f/j 


The pressure in region 4 is pa- Thus 

Pa Pa YPo Pa 7 


m) = 


PoR] Po YPqR] Pa Y ' 


(5.2.6) 


(5.2.7) 


(5.2.8) 


Since the pressure is uniform across the contact surface, pi= p i, where pi is the 
pressure at the tail of the expansion fan and p\ is the pressure behind the shock. Thus 
/(f,) = /(1) and /(1) from the Rankine-Hugoniot equation is 


/(1) = 


Y + 1 


i - y —n). 
2 Y ' 


Thus Eq 5.2.7 gives 


m) = m) i + 


Y + 1 Hh 


= /( 1). 


Eq 5.2.3 gives 


0 &) = 


y + i 


& - fc), 


(5.2.9) 


(5.2.10) 


(5.2.11) 


and since the particle velocity is uniform across the contact surface, 0(f f ) = 0(1), 
where 0(1) is given by Eq 5.1.8 as 


0 ( 1 ) = 


Y + 1 


(1-7). 


Thus from Eq 5.2.11, we get 


0&) = 


y + i U* 


6 f - i = 


Y + 1 


(1-7). 


(5.2.12) 


Using Eq 5.2.5 for fwe can obtain from Eq 5.2.12 


Hh 


r-1) = -(1-7) 


Pa Po 
-; 

Po Pa 


(5.2.13) 
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Figure 5.2 The Shock Mach Number as a Function of — 

Po 


Using Eq 5.2.8 for /(&), Eq 5.2.9 for /(1), Eq 5.2.13 for (| - l), Eq 5.2.10 
becomes 


P± 

Po / \Y 


1 - 


Y ~ 1 

y + i 


(i-b)f--b 


V/’O P4 


2y 

F1 


K + l 


i K “ 1 
1-1-/? 


2y 


Since the sound speed c 2 = ^ 2 , we can write as and Eq 

alternately be written as 


(5.2.14) 
5.2.14 can 



Y ~ 1 
K + l 


(1 - rj) 




2 

kTT 



(5.2.15) 


Given initial values for ^ and the shock strength p — +j = \^j-J can be obtained 
from Eq 5.2.15. Figure 5.2 shows the shock Mach number M s , as a function of ^ for 
various values of ^ and a value of y = 1.4. Note that for a given value of the shock 
Mach number M s approaches a limiting value as — —» oo. 


Propagation of Chapman-Jouguet Detonations 

Chapman-Jouguet detonations propagate at constant velocity once initiated. However, 
their existence depends on whether a solution for the non-steady expansion of the 
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detonation products can be found that is compatible to the constant velocity Chapman- 
Jouguet detonation front. We shall discuss the dynamics of the detonation products 
behind a Chapman-Jouguet detonation for various geometries. 

Consider first the planar geometry. We assume an explosion to occur in the positive 
half space r > 0 and the explosive is bounded by a solid wall at r = 0. At time t = 0, 
a Chapman-Jouguet detonation is initiated at r = 0 and propagates subsequently at a 
constant velocity. A centered rarefaction fan exists behind the detonation bringing the 
detonation products to rest to satisfy the boundary condition of zero velocity at the wall. 
The equations for the non-steady flow of the detonation products are given by Eqs 5.1.6 
and 5.1.7 and for the planar geometry where j = 0, two possible solutions exist either 
0' = /!' = 0 or </>' and /3' finite but (0 — £) 2 — /3 2 = 0. The latter solution applies and 
we obtain the solution for 0(f) and ) given by Eqs 5.2.1 and 5.2.2, that is, 

2 

0(§) = -§ + constant, 

Y + 1 


y — 1 

/6(§) = -£ + constant. 

Y + 1 

We take the positive sign in Eq 5.2.2 since ji decreases with decreasing H = y and 
R s = D is the Chapman-Jouguet detonation. The constants of integration in Eqs 5.2.1 
and 5.2.2 can be evaluated from the conditions at the detonation front % = 1, 0 (= 
</>(!), and j3($) = /6(1). For a strong Chapman-Jouguet detonation. 



(5.3.1) 

Y + 1 

(5.3.2) 


where in Eqs 5.3.1 and 5.3.2, we have assumed the Chapman-Jouguet detonation Mach 
number to be sufficiently high, that is, jp <SC 1. Note that Eqs 5.3.1 and 5.3.2 satisfy the 
Chapman-Jouguet condition that D = u\ + c\ or 0(1) + /J(l) = 1. 

Using the boundary conditions at § = 1 to evaluate the constants, the solutions given 
by Eqs 5.2.1 and 5.2.2 become 


0 ( 1 ) = 



1 

Y+ T’ 


(5.3.3) 


y — 1 

m)=—rH + 

Y + 1 


1 

yTT' 


(5.3.4) 


Thus, the velocity decreases linearly behind the detonation front and 0 = 0 occurs when 
H The sound speed /!(£) also decreases linearly with £ and at f = i, ft = The 
pressure and density profiles can be obtained from Eq 5.3.4 using the isentropic rela¬ 
tionships. The dynamics of the combustion products behind a detonation wave was first 
investigated by Taylor (1950a) and Zel’dovich (1942). The expansion fan behind the 
detonation is generally referred to as the “Taylor wave.” 

For diverging cylindrical and spherical detonations, j ^ 0 and Eqs 5.1.6 and 5.1.7 
have to be integrated numerically starting with the boundary conditions at f = 1, given 
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by Eqs 5.3.1 and 5.3.2. However, for Chapman-Jouguet detonations, 0(1) + /S(l) = 1. 
Since at the front £ = 1, (0 — £ ) 2 — /3 2 = 0, 0' and /?' become infinite. The presence 
of the singularity raises doubts about the existence of diverging spherical Chapman- 
Jouguet detonation waves. However, the view adopted by Taylor (1950a) is that the sin¬ 
gularity of an infinite expansion gradient is no worse than the assumption of an infinite 
compression gradient for a shock or a detonation front. In practice, diverging spher¬ 
ical detonations require a relatively large initiation energy. Thus at small radius, the 
detonation is highly overdriven and decays asymptotically to a Chapman-Jouguet det¬ 
onation at large radius. Thus, the model of a constant velocity Chapman-Jouguet deto¬ 
nation originating at r = 0 initially is not realized experimentally and serves only as an 
approximation. 

To integrate numerically Eqs 5.1.6 and 5.1.7, we must obtain an analytical solution 
in the vicinity of the front £ = 1. Near the Chapman-Jouguet front, we may write 0(£) 
and /8(£) in a series in (1 — £), that is, 


0(£) = 0o + 0i(l ~ £ T + • • • (5.3.5) 

m = b 0 + b l (l-^y + --- (5.3.6) 


Using the boundary conditions at £ = 1, that is, Eqs 5.3.1 and 5.3.2, we obtain 

00 = 0(1)=—^, (5.3.7) 

Y + 1 

bo = m=-^r- (5-3.8) 

Y + 1 

For 0(£) and /S(£) to be finite as £ —> 1, the exponents x andy must be positive. From 
Eqs 5.3.5 and 5.3.6, we write 

0' = aix(l - £)* _1 H- 

P' = b\y{\ — £) y_1 + • • • 


and since 0' —> oo and /S' —> oo as £ —> 1, the exponents x and y must be less than 
unity, that is, 0 < x < 1, 0 < y < 1. Substituting the expansion for 0(£) and /S(£) into 
Eqs 5.1.6 and 5.1.7, we obtain 


2xa\ba( 1 — £) 2x 1 + 2a\xbob \(1 — £ ) x+ -' , + 1 

- j [aob 2 0 + a x bl{ 1 - £)* H-] = 0, 

2yb 0 b\(l - £) 2v_1 + 2yb 0 b iai {\ - £) x +^ +1 


Ay - !)„ u2 

, 00 bn 


••• = 0 . 


Examining the first of the above equation, we note that j, ao, bo are all finite. Thus 
we must have either 2x — 1 = 0 or x +y — 1 = 0. From the second of the above equa¬ 
tions we note that 2 y — 1 or x+y — 1 must be zero. Both requirements are satisfied if 
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x = y = Putting x = y = \ in the equations give 


2y0(l)^(l) 

r +1 


± Y-1 / 2 #( 1 )/ 8 ( 1 ) 

2 v y + 1 


Hence in the vicinity of the detonation front, the solution can be written as 

/2y'0(l)/3( 1) 

^(g) = 0 a) , , a-!)* + ■•• 


y + i 


0(£) = /J(l)± 


K-l / 2y0(l)j6(l) 
2 V y + 1 


d -?) 5 + 


(5.3.9) 

(5.3.10) 


where 0(1) and yS( 1) are given by Eqs 5.3.1 and 5.3.2. In Eqs 5.3.9 and 5.3.10, the ± 
sign denote two possible solutions. The + sign corresponds to the compression solution 
where both 0(£) and /3(£) increase further behind the detonation front. The compression 
solution requires a constant velocity piston to follow behind the detonation. The integra¬ 
tion of Eqs 5.1.6 and 5.1.7 terminates at the piston surface £ = £ p where (0 — £) = 0. 
The negative sign in Eqs 5.3.9 and 5.3.10 gives the expansion solution where 0 -* 0 
and £ —>- 0 are at the center of symmetry. From the solution for /3(£), the pressure and 
density profiles behind the detonation can be obtained using the isentropic relationships. 

Using Eqs 5.3.9 and 5.3.10 to obtain values for 0(£) and /!(£) near the detonation 
front, Eqs 5.1.6-5.1.7 are integrated numerically and the pressure and particle velocity 
profiles are shown in Figs. 5.3 and 5.4 for three geometries of planar, cylindrical, and 
spherical detonations. The Chapman-Jouguet boundary conditions at the front £ = 1 
are given by Eqs 5.3.1 and 5.3.2 and we choose a typical value of y = 1.2. 


5.4 Piston Driven Explosion 

We consider a constant velocity shock or detonation driven by a steadily expanding 
piston. For the planar geometry, the flow behind the shock is uniform from the shock 
front to the piston surface. The shock strength is such that the particle velocity behind 
it is equal to the piston velocity. For cylindrical or spherical geometries, the flow behind 
the shock is non-uniform due to the area divergence between the piston and the shock. 

For a low velocity expanding piston, the shock is weak and can be approximated by an 
acoustic wave. Thus we can use the acoustic equation for the velocity potential instead of 
the non-linear Euler equations. We can also seek a self-similar solution; however, the lin¬ 
ear acoustic equation can be solved exactly. The solution for the acoustic radiation from 
an expanding piston was given previously in Section 1.5 of Chapter 1. For an arbitrary 
piston velocity where the shock strength is finite, Eqs 5.1.6 and 5.1.7 have to be inte¬ 
grated. Given a piston velocity, the shock speed is not known, and thus the integration 












5.4 Piston Driven Explosion 


95 



0.5 

£ 


Figure 5.3 Pressure Profiles for Planar, Cylindrical, and Spherical C-J Detonation 

cannot proceed from the shock £ = = 1. However, if we assume a shock strength M s 

(or ij), (f> (1), and fi (1) can be determined from the Rankine-Hugoniot equations for </;(!) 
and yS( 1), that is, Eqs 5.1.8 and 5.1.9. Equations 5.1.6 and 5.1.7 can then be integrated 
from % = 1 to £ = % p (where $ p corresponds to the piston surface and ( (p p — % p ) = 0). 



0.5 

£ 


Figure 5.4 Particle Velocity Profiles for Planar, Cylindrical, and Spherical C-J Detonation 
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For strong shocks and values of y — 1, the distance between the shock and the piston 
is very small. An accurate approximate solution can be obtained by writing 0(f) and 
/1(f) as a power series in (1 — f), that is, 

0(S) = 0 <O, + d> (1) (l -?) + ■■■ 


m = /* (0) + /i (1) (i -?) + ■■■ 


it is clear that 0 <O) and /1 (0) are just the boundary condition at the shock given by 
Eqs 5.1.8 and 5.1.9. 

Substituting the expansion into the similarity equations (Eqs 5.1.6 and 5.1.7), the 
first-order coefficients 0 (1) and /S' 11 can readily be determined. Thus 


0(f) = 0(1)- 


m ui 2 (i) 

(0(D-f) 2 -/i 2 (i) 


(!-?) + ••• 


/J(f) =/J(l)- 


y-l,/0(l)/l(l)(0(l)-l) 
2 (0(1) - l) 2 - f 2 


(5.4.1) 

(5.4.2) 


where 0(1) and /1(1) are given by Eqs 5.1.8 and 5.1.9. Numerical integration of 
Eqs 5.1.6 and 5.1.7 for a constant velocity piston driven shock for the spherical case 
j — 2 are shown in Fig. 5.5. We note that the solution for 0(f) and /1(f) are very close 
to a linear form for strong shocks. Thus taking only the first order in the expansion 
(1 — f) (i.e., Eqs 5.4.1 and 5.4.2) can provide an accurate approximate solution. 

Piston motion behind C-J detonation waves has been investigated by Lee et al. (1965) 
and Lee (1965, 1972). For diverging cylindrical or spherical Chapman-Jouguet detona¬ 
tions, we note from Eqs 5.3.9 and 5.3.10 that there are two possible solutions behind 
the C-J detonation front. For the compression solution where 0(f) and /6(f) increase 
with decreasing f behind the detonation, the solution terminates when (0 — f) = 0 
which corresponds to a piston surface. For piston velocities greater than the critical 
value, the detonation becomes overdriven. For the expansion solution where 0 and /I 
decreases behind the detonation front, a constant velocity piston following the detona¬ 
tion will drive a shock wave in the detonation products. 0(f) and /1(f) will first decrease 
behind the Chapman-Jouguet detonation front, then undergo an abrupt increase across 
the shock. 0(f) and /1(f) will then continue to increase behind the shock until the piston 
surface where (0 — f) = 0. Figure 5.6 illustrates the wave trajectories and the condi¬ 
tions behind the detonation and the shock. 

Across the CJ detonation, 0(1) and /1(1) are given by Eqs 5.3.1 and 5.3.2. Across 
the shock, the conservation equations in the frame of reference of the shock as shown 
below can be written as 


U - u 3 


U-U2 


Pi, Pi, C3 


Pi, Pi, Cl 
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£ 



£ 

Figure 5.5 The Profiles of < j> and /3 Behind a Shock Wave for Spherical Case 


p 2 (U - u 2 ) = p 2 (U - m 3 ), 

Pi + p 2 (U - u 2 f = p 2 + p 2 (U - m 3 ) 2 , 

, , (U-u 2 f , , (C/- M3 ) 2 

h 2 H---= « 3 H-. 


(5.4.3) 

(5.4.4) 


2 


2 


(5.4.5) 
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Figure 5.6 Conditions Behind Detonation and Shock in a Piston Driven Detonation 


From Eq 5.4.3 the density ratio across the shock is 

Pi _ U — U-j 
Pi U - u 2 


(5.4.6) 


Since the density ratio across the shock can be expressed in terms of the shock Mach 
number (or rj = -gj), we write 


Pi _ (y ~ l) + 2>?s 
P3 V + 1 


(5.4.7) 


where 


Vs 


0 U-U2) 1 fe-02) 2 ’ 


(5.4.8) 


and p 2 = %, <t >2 = %, Note that r s is the shock position 

whereas R s is the position of the CJ detonation front. Equating Eqs 5.4.6 and 5.4.7 


gives 


Pi = Hs ~ <Pi = (/ ~ 1) + 2^ 4 

Pi - 02 V + 1 

To obtain a solution, we use the boundary conditions (i.e., Eqs 5.3.1 and 5.3.2) for 
(j>( I) and /J(I) at the CJ detonation front £ = 1. Using Eqs 5.3.9 and 5.3.10 to compute 
the values of cp and /I for a value of £ close to the front, (e.g., f = 0.999), we can start 
the numerical integration of Eqs 5.1.6 and 5.1.7 for decreasing value of §. Note that the 
negative sign is used in Eqs 5.3.9 and 5.3.10 for an expansion solution. The integration 
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Figure 5.7 Pressure Distribution Behind a Spherical C-J Detonation for Various Piston Velocities 

will proceed up to a desired value of (hence the strength of the shock is known since 
= 2 j). The values for 02 and are obtained from the integration when £ = £,. r) s can 
be determined from Eq 5.4.9 since t- s , 02 are known and 0 S is given in terms of rj s from 
the Rankine-Hugoniot equations, that is, 



Pi can be obtained from Eq 5.1.9, that is, 



With 03 and Pi behind the shock determined, integration of Eqs 5.1.6 and 5.1.7 can 
be continued from £, until (0 P — $ p ) = 0 when the piston face is reached. 

Figure 5.7 shows the pressure distribution behind a spherical detonation for various 
piston velocities. Note that, there corresponds a maximum piston velocity where 0 and 
P decrease continuously to the CJ detonation front. In this case the secondary shock 
wave strength vanishes as it merges with the CJ detonation front. As the piston velocity 
decreases from this maximum value, the strength of the secondary shock increases to a 
maximum and then decreases again for further decrease in the piston velocity. When the 
piston velocity is zero, the shock vanishes and the flow expands continuously until 0 —» 
0, p -> constant, corresponding to the freely expanding Chapman-Jouguet cylindrical 
or spherical detonation. 

Figure 5.8 shows the variation of the strength of the secondary shock with the piston 
velocity for a spherical C-J detonation. We note the strength of the shock rises rapidly 
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Figure 5.8 Variation of the Secondary Shock Velocity with Piston Velocity for a Spherical 
Detonation 


with decreasing piston velocity to the maximum value. The rapid rise is due to the rapid 
decrease in the velocity behind the detonation. 

For the planar geometry, the solution for 0 (£) and />(£) are given by Eqs 5.3.3 and 
5.3.4. The strength of the shock M s is given by 


U - U 2 - 02 
c 2 P 2 


(5.4.10) 


Substituting the solution for 0 2 and /J 2 from Eqs 5.3.3 and 5.3.4 into the above gives 
M s = 1. Thus, for a planar piston following behind a planar Chapman-Jouguet detona¬ 
tion, 0(|) and /!(£) decrease linearly until £ = and remain constant thereafter till the 
piston surface (0 — £) = 0. Figure 5.9 shows the pressure distribution behind a planar 
CJ detonation for various piston velocities. Note that there is no secondary shock in 
contrast to the cylindrical and spherical cases. 

For cylindrical and spherical geometries, we may also investigate the strength of the 
shock in the vicinity of the detonation front using the perturbation solution given by 
Eqs 5.3.9 and 5.3.10, that is, 


0 ( 1 ) = 0 ( 1 )-. 


1 2y0(l)/l(l) 

K+l 


(l-§) 5 , 


m=m- 


Y~ 1 / 2/0(l)j8(l) 

2 V Y + 1 


(! — £)*■ 
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£ 

Figure 5.9 Pressure Distribution Behind a Planar Detonation for Various Piston Velocities 
Substituting the above equation into Eq 5.4.10 gives 

,, t,-<h i)+/^Fd-fc4 

M s = -= - , -, 

where we have used the Chapman-Jouguet condition 0(1) + /6(1) = 1. Thus when 
—»■ 1, M s -» 1 and M s increases as decreases. Near § = $ 0 when 0 —0 and 
—> constant, the solution may be written as 

0 ( |) = 0 (1 >(£_£ o ) + ... 

0($) = 0 (O) + 0 (1) (£-£o)+"- 

and in the vicinity of £ = (+ the shock strength can also be obtained as 

Ss - 0 (1) & - So) 

5 & 

Thus when £ —>■ £o, M s —> 1 and the shock degenerates into a Mach wave. Away 
from £ = 1 and £ = £o, 02 and fa must be determined from the numerical solution of 
Eqs 5.1.6 and 5.1.7. 














6 The Snow-Plow Approximation 


6.1 Introduction 

The density ratio across a strong shock wave is given by ^ . Thus for values of 

Y — 1, ^ 1 and all the mass swept up by the shock wave will be concentrated in a 

thin layer at the shock front. To estimate of the thickness S of this dense shock layer, 
consider a spherical strong shock at radius, R s . Mass balance gives 

^txRIpq = 4:tR 2 s Sp u 

and thus J- = = f For y = 1.2, J- = 0.03, that is, S is only 3% of the shock 

radius. Even for y = 1.4, J- = 0.055 and 5 is only 5% of the shock radius. Thus the 
shock acts like a “snow plow” sweeping up the mass in its path and concentrating it in 
a thin layer at the shock front. The velocity of the mass behind the shock is given by 
j- = and for y ~ 1, u\ — R s . Thus the acceleration of the material is close to the 
acceleration of the shock. Writing the pressure difference across the shock layer then 
gives the acceleration of the shock wave using Newton’s law. With most of the mass 
concentrated at the shock front, very little mass remains in the core. With modest accel¬ 
eration of the mass in the core, the pressure will be uniform in the low density core. 
The temperature however will be high and hence also the internal energy. However, the 
kinetic energy of the low density core is small. Based on the snow-plow approximation, 
an equation for the shock acceleration, the shock pressure, and the pressure of the core 
can be obtained. Together with the Rankine-Hugoniot relationship between the shock 
pressure and the shock velocity, and the conservation of total energy (energy integral), 
the shock trajectory can be found. The snow-plow approximation was used by Bethe 
(1947) to describe the propagation of strong blast waves. Later it was used by Rosen- 
bluth and Garwin (1954) for shock waves driven by current sheets. Chernyi (1961), Cole 
(1957), and Freeman (1962) also used a similar concept (the Newtonian approximation) 
for the description of hypersonic blunt body flows. The analysis presented in this chapter 
follows closely the work of Bethe (1947). 


6.2 Basic Equations 

Following Chernyi (1961), we shall describe a more systematic approach of successive 
approximation based on a power series expansion of the solution in a small parameter 


6.2 Basic Equations 
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Figure 6.1 Fluid Particle Having Initial Position R Entering the Shock 


s = . The Lagrangian form of the conservation equations for planar (j — 0), cylin¬ 

drical (/ = 1) and spherical (J = 2) symmetries as given in Chapter 1 are as 


9r\ = Po (R\ J 
3 RJ, P W ’ 



( 6 . 2 . 1 ) 

( 6 . 2 . 2 ) 


= -(^-) = 0 . 
3 t) R dt\pyJ R 


(6.2.3) 


The independent variables are the time t, and the Lagrangian coordinate R of a fluid 
particle. This is shown in Fig. 6.1. We choose r — R to be the initial position of a fluid 
particle. We seek solutions for the dependent variables r(R. t), p(R, t), p(R, t) in the 
form of a power series in e = Lzj-, th a t is, 


HR, t) = R s (t ) + e^ (1> + £ 2 R {2) + ••• 

p(R, t) = + p (1) + ep <2) H- 

£ 

p(R, t) — p (0) + e/> (1) + e 2 p {2) H- 


(6.2.4) 


Substituting the expansions (Eq 6.2.4) into the basic equations and collecting terms 
of the same order in s yield 
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Zeroth order in e 


dR s (t) 

dR 


d 2 R s 


dt 2 


3 

dt 


R 

,(0) 


= 0, 

1 

Po 


3 p^\ 
8 R ), 


-i(O)}' 


= 0. 


First order in e 


dR w \ 

~dR) t 

d 2 R m \ 

~di r ) I 


Po 


3 

37 


Ji) 

jo) 


YP 


R^\ 33^') 


/?,. y 37? 


37? 


,( 0 ) 


= 0, 


and similarly we can continue to obtain the equations for higher order in s. 
The boundary conditions at the strong shock front are given as 


Pi_ 

Po 


Y + 1 
Y-\ 


Ml 


p i 


Po^? y +1 


With e = we write 


and thus 


( 0 ) 

P0 Pi (1) (2) 

Pi — — —-h P[ + epj 

e e 


p| 0) = Po, 

Pi (I) = o. 


For the pressure, we write 
2 


Pi 


Y + 


Thus 


yPo^ 2 = po^ s 2 (l - e) = p[ 0) + p[ l) + • • • 


J0) _„d! 
P i — PoR s , 


Pi I} = -po# 


d>2 


and similarly for the particle velocity 


( 0 ) . ( 1 ) . 

Ml = Mj + £Mj + • • • = 


y + i 


R S =R S ( 1-e), 


(6.2.5) 

( 6 . 2 . 6 ) 

(6.2.7) 

( 6 . 2 . 8 ) 

(6.2.9) 

( 6 . 2 . 10 ) 

(6.2.11) 


( 6 . 2 . 12 ) 


(6.2.13) 
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t = 


t = 



Figure 6.2 Expansion of Fluid Particle Entering with Lagrangian Coordinate R 
and 

u[ 0) = R s , 

u\ V> = 


(6.2.14) 


We can now proceed with the integration of the zeroth-order equations. From 
Eq 6.2.5, we get R s as a function of t and Eq 6.2.6 becomes 




which integrates to yield 


= - 


PqR s Rs ( R 


C/'+l) \R: 


R< 


j +1 


C{t). 


The integration constant, C(t), can be evaluated from the condition at the shock front 
R — R s . Doing so, we obtain 




R 


O'+i)) 


(6.2.15) 


The solution for the zeroth-order density p <0) can be obtained from Eq 6.2.7 which 
integrates to yield 


p(0) 

~P^y R 


— constant. 


Evaluating the constant at the shock front gives 


„(0) 


(0) 

P\ 


P { i\ f = r ) 


p(°)Y I \ .(0)y I n (°)y _ C 

1 /*,» \Pl / R= B Z P\ (J~ X ) 















106 


The Snow-Plow Approximation 



Figure 6.3 Fluid Particle Having Lagrangian Coordinate R Closely Following the Shock 
Trajectory 


The above equation simply states that the entropy of a particle R at time t, that is, 
( "4 f ) is equal to the value when it first crosses the shock R = R s , at time t = x. 

\ p / R,t 

Using the boundary conditions for p[ }) = PqR], pj u) = po, we get 


p (0) (R, t) = p 0 


m) 

R]{r) 


*?(/+!) \ \ R s 


j+ IN 


(6.2.16) 


Note that R s (t) and R s ( r) represent the shock velocity at time t and at time r. The 
zeroth-order solution for r(R. t) = R s (1) simply means that all the mass swept up by the 
shock is concentrated at the shock where e = 0. 

The zeroth-order solution is now complete and we proceed to the first order in s. 
Integrating Eq 6.2.8, we write 


f dR^= I dR. 

Jx» Jr P (0) \ r s 


The integral is carried out at constant time t from the particle path r — R = R s 
sR {1} + ■ ■ ■ to the shock front r = R s as shown in Fig. 6.3. 

Substituting the solution for p (0) into the above equation gives 


R a) = 


f 


L^?(o. 


te) 


4-X dR 


1 + 


* s 2 C+l) 


‘-(i) 


j +1 


(6.2.17) 


where t = r is when the particle first crosses the shock front r = R = R s ( r). 
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The first-order solution for the pressure can be obtained by integrating Eq 6.2.9, that 


is. 


f (1) = ~PqR 2 s 


f 


Po- 


d 2 R (X) ( R\ J jpoR,R J R (V) 


3 1 2 \R 


R 


J+l 


dR, 


(6.2.18) 


where we have used the boundary condition p^ x = —poR 2 . The first-order solution for 
the density p (1) can be obtained by integrating Eq 6.2.10, that is, 




= constant. 


The constant can be evaluated at time r where the particle R first crosses the shock. 
Thus 


p a \R, t ) YP (X \R, t) _ p\ l \R s , t) YP\\Rs, t) 
P w (R,t) P W (RJ) pf\R s ,t) p ( °\R s ,t) 


Since p\ ] 1 = ~PqR 2 and = 0, the above equation yields 


P w (R,t) 


p m (R. t ) 


p m (R,t) 
jt%R, 7 ) 



(6.2.19) 


The solutions for p (X \R, t), p (0 \R, t), p XO) (R, t ) are given by Eqs 6.2.18, 6.2.16, and 
6.2.15, respectively. 

The remaining task is to determine R s (t) and this requires an additional equation 
beside the conservation equations. The additional equation comes from the nature of the 
particular explosion problem itself. For example, for the constant energy blast problem, 
the conservation of total energy, that is, the energy integral, is used. For piston driven 
explosions, the piston path R p (t ) has to be specified. 


6.3 


Constant Energy Blast Waves 


The conservation of total energy at any instant when the blast wave is at a radius R s (t) 
can be written as 

£ 0= [ Rsp l k / dr + p-L-h/dr. 

Jo 2 7 Jo y -1 7 


when kj = 1,2jr, 4tt for / = 0, I, and 2, respectively. We have neglected the initial inter¬ 
nal energy of the medium when compared to internal energy of the shocked medium. 

is the internal energy per unit volume for a perfect gas with constant y. For the 
zeroth-order solution where all the mass is concentrated at the shock, u — u\ — R s and 
the kinetic energy term can be written as 



^-kjrJdr 
2 J 


p 0 R 2 R J s +l 

2(7+1) 


kj. 
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The internal energy term can be written as 


f 


o Y ~ 1 


-k,r J dr = 


r*R s —8 

Jo 


Pc 

Y — 1 


kjr J dr + 


L 


pi 


R.-8 Y ~ 1 


-k,r J dr. 


where p is the pressure at the shock front and p c is the pressure at the core of the blast 
wave. 

For the lowest order, p\ — p 0 R 2 and if we assume the pressure of the high tempera¬ 
ture core p c — ap\, where a is some constant of the order of unity, the internal energy 
integral can then be written as 

, 7+1 


j 


P -k,d dr = «A 2 « + V 


Y~ 1 


(k- i)(7+i) 

p 0 R 2 s R 


v2r,+ 1 


S 

1- 

R, 


1 


1- 

Rs 


7+ IN 


(Y~ 1X7+1) x 

and for the lowest order of approximation where | ~ 0, the above integral reduces to 


f 


———kpdr dr . 

Y~1 J (Y- 1X7+1) 

The energy integral can now be written as 


Eo = 


PoR 2 R J s +1 kj pqR 2 R{ +1 akj 


2(7+1) (Y- 1X7+1) 


p 0 R 2 s Ri +1 

(7+1) 


Y~ 1 


Since E 0 is constant, the right hand side cannot be time dependent explicitly. Thus 

7+1 

'2 1 minnrt P — A Z? 2“ TXa farm R s R s 

R 2 


R 2 R j+1 


s ±i s =*■ constant or R~ -4pr giving R s = AR S 2 . The term +17 then becomes 

Rs 


P.Rs 


7+1 


(6.3.1) 


The solution for the pressure at the core where R—>0 from Eq 6.2.15 is given by 


MO, 0 - PoR] I 1 + * 


R s Rc 


R](J + 1 ) 


PoR\ 


?2 


Thus a = l and the energy integral becomes 


Eo = 


PokjRjRs y A 2 


Solving for A gives 


A = 


2(7+ i)(y -1) 
2(7+1)(K-l)^oV 


PokjY 


J 


(6.3.2) 
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The shock trajectory can be obtained by integrating R s = AR S 2 , that is, 



hence 


j + 


3 "I j+3 . 


2 


■A fW, 


(6.3.3) 


and substituting the expression for A into the above gives 


R s (t) = 



2 2 {j + l)(y — 1 ) £q 
ykj Pa 


or in the following form 



(6.3.4) 


For spherical blast (J = 2), the constants for y = 1.4 and 1.2 is found to be 0.9686 
and 0.869, respectively. The corresponding values from the exact self-similar solution 
are 1.033 and 0.89. Thus, we note the accuracy of the snow-plow solution is very good 
even considering just the lowest order. 

Using Eq 6.3.1, the zeroth-order pressure distribution can be written as 



(6.3.5) 


and at the shock front where R — R s , we see that /> (0) -> p \ 1 0) = poR* in accord with the 


boundary conditions given by Eq 6.2.13. The zeroth-order solution for the density given 
by Eq 6.2.16 becomes 



where R s ( r) corresponds to the shock velocity when the particle first crosses the shock 
front, that is, R = R s . Since R^ ~ we can write as , thus 



(6.3.6) 


It is of interest to obtain the pressure and density distributions in terms of the Eulerian 
coordinates J 1 . From Eq 6.2.1, that is, 
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we get 


r\J / 9r \ _ ep 0 


G) 


v a r 


Defining x = (jf ) and v = ( jr 'j , the above equation becomes 


•j(O) 


2 

( 4 ) 

n 

f l+ i 

(i) 

n 


7+1 


dy _ (ry ( 9r^ _ Po _ 


dx \RJ \dRj t 




x(l + x) 


(6.3.7) 


Since e = ^-j-, and 8 = y — 1, we have s = ^ = f (1 — § + •• •) and Eq 6.3.7 
becomes 


i 

i 

( 2 ) 

r 5 i 

( 2 ) 

dx y + 1 ' 

^x(l +x)J 

2 + 8 ' 

\x( 1 +x)J 


Since 8 1, we may expand the above equation and write 

dy 8 / s \ / o \ 1--5+- 


dx 2 


x( 1 + x) 


(6.3.8) 


We can expand the last term on the right hand side of the above as follows: Let 
, l—i+- , _ s 

aa~ s = ae ln " and the exponential term 

■ ln “~ s = 1 + lira" 5 + O [8 2 ] = 1-8 lnx. 


x(\+x)’ 

can be expanded as 


)’ thus (^o) 


Thus Eq 6.3.8 becomes 


x( 1 + x) 


1 - 8 In ■ 


x(l + x) 


and retaining first-order terms only, we get 

dy 8 


dx x(l + x) 

In neglecting terms of the order of 8 2 , we imply 

2 2 
» -a 


(6.3.9) 


x(l + x) 


ln- 


x( 1 + x) x(l + x) 


or 


l x(l + x) 


Since 8 1, the above condition is usually satisfied with x ~ 0[ I ]. Integrating 

Eq 6.3.9, that is, 

ry rx x r* $ 


r r 8 r x s 

/ dv = / -dx — / --dx, 

J 1 ’ J 1 x J 1 1 + X 
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we obtain, 


thus 


y= l-(y-l)ln 


j +1 


_) = 1 — (y — l)ln 


(1 + x) 

2x ’ 

R{ +1 +RJ+ 1 


2RJ+ 1 


(6.3.10) 


Forx « 1, we can write Eq 6.3.7 as 


4v = e _ 

dx \x(l + x) 


'2\r 
£ I - 


where we have neglected x 2 as compared to x. Integrating the above equation yields 

2 f y -i 

-x y + constant. 


Y + 1 


and since y ~ 1, the above equation can be written as 


y ~ x ? + constant. 


(6.3.11) 


Note that x r can be written as 


r -i k-i 


^^— lnx i 

x ^ = e y =1 

and comparing with Eq 6.3.10, that is, 


y -i 


lnx + 


y= i - (y - i)in 


(1 + x ) 

2x ’ 


= 1 - (y - 1)ln( 1 +x) + (y - l)ln2 + (y — l)lnx, 
which for x 1, 1 + x ~ 1 and neglecting terms of the order of (y — 1), we get 

y — 1 + (y - 1) lnx, 
which is the same as Eq 6.3.11, that is, 

(Y- 1 ) 


v ~ x y + constant = 1 


■ ln.i 


with y ~ 1. Comparing Eqs 6.3.10 and 6.3.11, we note that the constant is equal to zero 
and so we write the solution for y as 


y -x 


hence 


or 





(6.3.12) 
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Since (y — 1) 1, any fluid particle defined by a value of R will be very close to the 

shock front, that is, r(R, t) — R s {t). 

For the particle velocity, we differentiate Eq 6.3.12 with respect to time, that is, 

r -1 


„ = ,d) = *(* 

Hr /„ r \K, 


and since y ~ 1, we obtain 


u — R 




(6.3.13) 


using Eq 6.3.12. Thus the velocity profile is linear. 

The density profile can be obtained from Eq 6.2.1, that is, 


/ r \j / dr \ po epo 

\r) ~ ^ - a 


9 Rj t 


■)(«) 


or (-or 


/ \ j-\- i 

where we have used Eq 6.2.16 for the solution of p (0> . Since x = If-) and y = 
/ \j+1 

( y 1 , the above equation becomes 


/r \j ( dr 

\r) 


dR 


dr 


_x(l + x ) 


2\y 
- £ I - 


With u = x y (orx = yy-' ), the above equation becomes 



where we have replaced e by ^. Since y — l y) , the above equation becomes 


P_ 

Po 


i_pi_ / ^y- 

2 Po 


(6.3.14) 


which gives a power law profile for the density. Since (y — 1) 1, the exponent of f- 

is very large. Thus the density decreases very rapidly behind the shock, that is, all the 
mass is concentrated near the shock. 

In the exact similarity solution for constant energy blast waves, it is found that the 
density profile behind the shock can be approximated by a simple power law of the 
form 

P_ = P}_( _^y 

Po Po \Rs) 


The exponent q can be evaluated from the mass integral, that is, 




py^y 

q + j + i 
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which gives 


q = (J+ i)(— 

\Po 


2(7+1) 
Y ~ 1 ’ 


when ^ is substituted into the above equation. The density profile is thus 


2(j+i) 
r -1 


P_ = fH 
Po Po 

which is very similar to Eq 6.3.14 of the zeroth-order snow-plow solution. 
The pressure profile is given by Eq 6.3.5 as 


(6.3.15) 


P 


( 0 ) _ 



Using Eq 6.3.12, the above equation can be written in terms of the Eulerian coordinate 

(i) as 


P 


( 0 ) _ 


po*! 

2 



(6.3.16) 


which is also a power law decreasing rapidly from p 0 R 2 at the shock front to as 
r —> 0. 

With the zeroth-order solution determined one can proceed to higher orders. However, 
the complexity increases sharply and it is not worth pursuing the snow-plow approxi¬ 
mation to higher orders. 


6.4 


Explosion of a Finite Spherical Charge 


A self-similar solution for the strong shock solution from the explosion of a finite spher¬ 
ical charge of radius Rq cannot be obtained because of the presence of a characteristic 
length scale. However, an approximate solution can be determined using the snow-plow 
approximation. 

Consider an explosive charge of radius Rq with a large amount of energy Eq released 
in the charge at time t = 0 generating a high-pressure Pq. We may write 


E 0 = 



(6.4.1) 


The first bracketed term on the right hand side denotes the charge volume and the 
second bracketed term represents the internal energy per unit volume. We shall neglect 
the initial internal energy of the charge. From Eq 6.4.1, the pressure of the charge after 
to the energy release is obtained as 

n (./+ l)(y- 1)£ 0 


(6.4.2) 
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Subsequent expansion of the charge boundary drives a strong shock wave outward 
and for y ~ 1, the mass swept by the shock is concentrated near the shock front. Thus 
we may write 

R c = R s + S R W + e 2 R {2) + ■ ■ ■ 


where R c is the charge radius. With e <C I. R, ~ R s for the lowest order. 

We shall assume the temperature (hence sound speed) of the gas inside the charge 
to be very high. Thus the pressure can equalize rapidly inside the charge and we may 
assume the pressure inside the charge to be uniform at all times. Also assuming the 
expansion of the gas to be isentropic, that is, pu y = constant, the pressure of the charge 
at any instant can be written as 


Pc = (RoY u+1) 

Po \Rc) 


(6.4.3) 


where R c (t ) is the charge radius at any instant of time t. For y ~ 1, hence y — 1 = 8 
1, we write y = 1 + 8 and the above equation becomes 


Pc_ 

Po 


C/+i)(i+i) 


7+1 


Ro\ 

Rr 


■5(7+1) 


7+1 


(So\ s( J +l) 


Expanding the exponential, we get 


Pc = 

Po ~ 

For 8 « 1, ft ~ 0[ 1], 


7+1 


1 + 3 In I j- 


7+1 


o[5 2 ] 


1 




Rg 


or 


e> » 


-«o\ 

Rc) 


7+1 


7+1 


With <5 « 1, the above condition can readily be met since ^ ~ 0[\}. 
The pressure can be written as a power series in s, that is, 

p = p {0) + ep m + --- 

and the solution for p (0) is given by Eq 6.3.9 as 


y o) = PoR] l 


RKi+ i) 


'-'l 


7+1) 


At the interface (charge boundary) R = 0 and p c = p^°\ thus 

,7+1 


Pc = Po 


R 0 y +l 


d 2 


R-sU +!)/ ’ 


(6.4.4) 
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where f\, is given by Eq 6.4.2. The above equation can be written as 


(./ + i )(y — \ )Eq =k2 , R S R 


J+l ' O'+i)’ 


(6.4.5) 


kjPoRi 

where we have replaced R c by R s as a first approximation. Defining (f>(R s ) — Rj, we note 
R s = and we write Eq 6.4.5 as 

A R s d<j> 

— jT = 0(/?,)+ 2 ^ +i) —, 

where A = (7+1 ^~ 1)£q . Multiplying throughout by 2 (J + 1 )R^ J+1) ~ 1 , the above equa¬ 


tion can be arranged as 


— (<pR*i+'))=2(j+\)ARi, 


which can be integrated to yield 


<pR 2u+1) = 2ARJ+ 1 + B. 


(6.4.6) 


To evaluate the constant B, we can use the initial condition at t = 0 when R s = Rq 
and the shock pressure p\ = p 0 R 2 — Pq. Thus R 2 = (p(Ro) = — and Eq 6.4.2 gives 


Po 


p 0 kjR J 0 +l 


R, 


)j +1 ' 


The integration constant is found to be 


B = -AR, 


J +1 


and Eq 6.4.6 becomes 


or 



R 2 = 


2{j + 1 Ky — 1 )Ep 
Pokj 



(6.4.7) 


(6.4.8) 


When R s Ro, the above equation reduces to 


R: 


2(y+l)(y-l)£ 0 

Pokj 


1 


R 


7+1 ’ 

S 


which corresponds to the point source constant energy solution. Since y — 1, the 
zeroth-order solution for the density and particle velocity distributions can be obtained 
in a manner similar to the previous case of the point source solution considered in 
Section 6.3. 

The present result demonstrates the stability of the point source solution. When the 
initial condition deviates from the point source solution, the point source solution is 
recovered asymptotically at large radius R s yp R 0 where the non-similar effect due to 
the presence of a characteristic length scale Rq diminishes. 
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6.5 


Piston Driven Explosions 


In the explosion of a finite charge, the expanding interface essentially acts like a piston 
driving the shock ahead of it. However, the piston path is coupled to the blast motion in 
that the pressure is uniform across the expanding interface. In this section, the motion 
of a solid piston with a prescribed path driving the shock is considered. Thus the pis¬ 
ton motion does not have to be solved simultaneously with the blast motion. It is now 
a prescribed boundary condition. Piston driven explosions are analogous to the hyper¬ 
sonic flow over blunted nosed bodies under the hypersonic similitude rule. The snow¬ 
plow approximation is equivalent to the Newtonian flow approximation in hypersonic 
flow which has been investigated by Cole (1961), Freeman (1958), and Chernyi (1961) 
among others. 

Since the piston path R p {t) is in essence a particle path R — constant, we may write 
r(R p , t) = R p (t) = R s + sR (1) + e 2 R a) + ■■■ 
and the solution for R (1) is given by Eq 6.2.17, that is, 



where r is the time where the particle R first crosses the shock. If the shock path R s (t) 
is specified and the corresponding piston path is to be found (the inverse problem), the 
above equations can be integrated. However, if the piston path R p (t) is specified and the 
shock trajectory is to be determined, the problem is more involved. Replacing R s (t) by 
Rp(t) in above equations will involve an error of the order of s 2 only. 

Quite often it is more convenient to use the time r at which a particle enters the shock 
instead of R as the Lagrangian variable, r is the time when the particle first crosses the 
shock front, that is, R — R s ( r) as shown in Fig. 6.4. 

Since dR — R( r)dr, Eq 6.2.17 can be transformed to read 


bF> = 


-r 


Rl +1 R{( r)dr 


Ri(t) 




R S R S 

^O+l) 


'*.(*) y +1 


(6.5.1) 


Thus if R s ( r) is specified, the above equation can be integrated. Alternately, if R p (t) is 
specified, we may replace R s by R p in Eq 6.5.1 and write 


R^ = 


r 


R 


+i 


R J n( r)dr 


R2 (f \ 4- ( 1 _ ( W Y /+I 

K pV> + R2 <j+1) l 


R J p{t ) 


(6.5.2) 


In general, the integration of Eqs 6.5.1 and 6.5.2 have to be carried out numeri¬ 
cally. First-order solutions for the pressure and density can be obtained from Eqs 6.2.18 
and 6.2.19. 
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If we specify the piston velocity instead, that is, R p = D't where D' is the piston 
velocity, then Eq 6.5.2 gives 

-D't 


R^ = 


0 + 1) 

and the shock path is then 

R s (t) = R p (t) - sR m = 


'tw'+i 


-0 

2 y + j(r +1) 


0+i)0 + i) 


D't. 


For the planar case where j = 0, we obtain 

2 y 


R s (t) = 


0 + 1) 


D't , 


or the piston velocity 


u p D' y + 1 


(6.5.3) 


R, R s 2 y 

The piston velocity should be the same as the particle velocity behind the strong 
shock, that is, 

Ml 2 
R s y + 1 

Flowever, for y ~ 1, the two expressions do not differ significantly. For example, 
from Eq 6.5.3 

2 y 

R s = — —D', 

y +1 

and if (y — 1) = S (or y = 1+5), the above equation becomes 


Rs = 


2(1 + 5 ) 


2 + 5 


Dl = (1 + 5) 1 - - + • • • \0 = 1 + - 


D'. 
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Taking first order in 8 only 


Rs 

D 


= 1 + 


y -i 


y +1 


which is just the strong shock condition ^ = y +'. Thus the results differ by terms of 
the order of S 2 . 

For the pressure distribution, we note from Eq 6.2.15 that 

p m = p 0 R 2 s , 

since R s = 0 for the case of a constant velocity shock. For the first-order solution // 11 , 
Eq 6.2.18 gives 


? (1> = -PoR] 


L 


R * d 2 R ll) (R\ J jp 0 R s R J R a) 
Po- 


dt 2 \R 


R 


7+1 


dR , 


and since R s = 0, the second term of the integrand vanishes. With R (i) given by Eq 6.5.3, 
we obtain 

3 2 7? (1 ) _ jD / r y'+ 2 
dt 2 x Vr/ 

and the solution for p ( - 1) is written as 

^ + 1 “(f (i+Xs) d{Dr) ' 

where we have replaced R — Dr, R s = Dt and R s — D and changed the integration with 
respect to R to time r. 

Evaluating the integral, we get 

PoD 2 j 


P (V) = -p 0 D 2 


2(7+1) 




(6.5.4) 


Thus the pressure can be written as 
p — T> (0) + sp {l) H- 


= PqD~ 


V - 1 

y + i 


Pi^ l 


7 

2(7+1) 


r \ 7+1 


(t) 


(6.5.5) 


Equation 6.2.10 can be integrated to give the density distribution as 

= function of R. 


pW 


n(0) 


,(0) 


Evaluating the right hand side at the shock front R = R s where p\ = —poR s , and 
p\ 0) = -p 0 R 2 , p{ 0) = -po. Pi" = 0, we get 


+ 0 ) 


nd) 


m = 1 + . 


,( 0 ) 
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Equation 6.2.15 gives p (0) = p 0 R~ and Eq 6.2.16 gives p (0) = po (since R s (t ) = 
R s (r) = D and R s = 0) and using Eq 6.5.4 for p (X \ we get 


.(i) _ 


PoJ 


2 Y(J+ !) 

Thus the density distribution can be written as 


-(7) 


r\20+i)\ 


(6.5.6) 


do) 


, 0 ). 


Y + 1 

y- 1 


Po ■ 


PoJ 


T ^ 2 ( 7+1 )\ 


(6.5.7) 


(7) 


2 y(j +1) 

With the solution for R 11 * the particle path can be obtained from 
r(R, t) = R s (t) + £R {1) 

>- 1 


= Dt 


1 


1 


y + V O + i) 


-(7) 


r\2+i 


(6.5.8) 


The particle velocity is given by 


/dr\ . dR a) 

u ~\Tt) R - Rs+s ^r + '" 

Differentiating R { 1 ’ with respect to t, the above expression becomes 

(y + 1)0 + i) + (y — 1 ) , 7(y-i) /ro+f 


u 

D 


( 7 ) 


(6.5.9) 


(y +1)0+1) (y +1)0+1) 

where r = 0 corresponds to the piston path. To obtain the velocity profile in terms of 
the spatial distribution r, we solve for j in terms of that is, 

r R a) 

— = 1 + e-1- 

Rs Rs 


= 1 + e 


1 


7+1 


r\7+i 


(7) 


Solving the above equation yields 

'T\7+i (y — 1) + 0 + i)(y + 1) 


(7) 


0+ i)(y +1) 


(6.5.10) 


(y - i) (y - i) 

and we can replace (y) in Eq 6.5.9 by the above equation. 

For more general piston motions, the integral for R {1) (e.g., Eqs 6.5.9, 6.5.10) will 
be more complicated and requires numerical integration. For a power law shock path 
R s = At N , the shock velocity and acceleration will be given by R s = ANt N ~ x , R s = 
AN(N — 1 )t N ~ 2 and = 0. When N is specified, 6 is known and the zeroth- 

order pressure given by Eq 6.2.15 becomes 

1 


p ,0) = p 0 R 


62 


(7+1) 


‘-'1 


(6.5.11) 
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If r is used as the Lagrangian variable instead of R, that is, R = R s ( r), then p (0) can 
be written as 

't\^0'+i>Y 


3 (0) = p 0 R 2 s 


1 + 


-(7) ) 


(7+1) 

since R — R s ( r) = At n . The density p (0) from Eq 6.5.12 is written as 


P <0) = Po 


1 




L (7) 


1 


7 + 1 


1 


(7) 


r^O+U 

t 


The solution fori? (1 ) given by Eq 6.2.17 becomes 


7?« = 


-AN 


( N-\)+jN 


tr 


1 : 




[‘+jfi 0 - (f) w+, ’ Y 


J 


(6.5.12) 


(6.5.13) 


(6.5.14) 


Given N (hence 0), the above integral has to be evaluated numerically. With p {0 \ p ( °l, 
and 7? (1) known, first-order solutions for p (l) and p (1) can be obtained accordingly. The 
piston path is given by 


Rp(t) — R s (t) + eR {l \r = 0) + • • • 


As can be observed, the solution for general piston motion is rather complex and, in 
a way, renders the simplicity of the snow-plow approximation less attractive. 














7 The Brinkley-Kirkwood Theory 


7.1 Introduction 

The description of the propagation of non-steady shock waves requires the integra¬ 
tion of the partial differential equations for the flow behind the shock subject to the 
boundary conditions at the shock and at some rear boundary. Since the shock velocity 
is not known, the numerical solution is not straight forward. There are practical prob¬ 
lems where a complete description is not required, and only the variation of the shock 
strength with position is desired. Thus there is a need for approximate methods of solu¬ 
tion for the shock front only. During the early 1940s, Kirkwood and Brinkley (1945) 
and Brinkley and Kirkwood (1947) developed a simple method to describe blast waves 
in water and air. They derived a simple “shock front evolution equation” which gave 
surprisingly good predictions for the blast wave decay in air and water. Brinkley and 
Kirkwood (henceforth referred to as BK) derived a pair of ordinary differential equa¬ 
tions for the variation of the shock strength and the blast energy with shock radius from 
the conservation equations, the Rankine-Hugoniot conditions at the shock front, and 
the energy integral. The unique feature of the BK theory is the formulation of the blast 
energy integral. The blast energy is defined as the sum of the kinetic and internal energy 
between the shock front and a particle path which acts like a piston. The blast energy 
is then equated to the work done by the particle path. Since no mass crosses a particle 
trajectory, it is essentially a solid expanding piston that displaces the fluid ahead of it. 
When time is taken to infinity where all motion ceases, the total work done is mani¬ 
fested as the residual internal energy in the shocked fluid. The residual internal energy 
also corresponds to the energy dissipated by the shock wave. The BK theory recognizes 
the finite entropy increment of the fluid particle that crosses the shock wave. The energy 
dissipation reduces the available energy of the shock wave and results in its decay. Thus 
the BK theory addresses explicitly the mechanism of shock decay. 

Descriptions of the BK method, described in the wartime NDRC reports and in the 
Physical Review paper by Brinkley and Kirkwood, are rather brief and difficult to fol¬ 
low. The reviews of the BK theory by Baker (1974) and Cole (1961) are equally sim¬ 
plified, aiming only at giving a brief introduction of the essential features of the theory. 
However, a more detailed development of the BK theory was given by Bach, Chiu, and 
Lee (1975) and Chiu, Lee, and Knystautas (1977). The analysis in the present chapter 
follows closely the work of Bach et al. (1975). 
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Figure 7.1 Shock Trajectory and Particle Path Behind the Shock 


7.2 


Basic Equations 


The conservation equations for one-dimensional non-steady flow with planar (J — 0), 
cylindrical (J = 1), and spherical (j = 2) symmetry in Lagrangian form are given as 



(7.2.1) 

(7.2.2) 

(7.2.3) 


where R is the Lagrangian variable and chosen to correspond to the initial position of 
a fluid particle. At a later time, the particle R will be at r(R, t ). Figure 7.1 shows the 
motion of a particle behind a shock. The dependent variables p(R, t), p(R , t), u(R, t) = 
(|^) have their usual meaning. An alternate form of the continuity equation used by 
Brinkley and Kirkwood is obtained by differentiating Eq 7.2.1 with respect to time, that 
is, 
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(7.2.4) 
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With s(p , p), we can write 

3s 
3 ~t ~ 


and thus 


and from the cyclic rule 


/ 3s \ dp / ds\ 3/> 

^ + V 8p) p 3* 


dp _ ( 3 p) p dp 

3 t ( 8s\ 3 1 

\zp) p 


3s 

dp 


p 



= - 1 , 


we get 


dp /3p\ 3/> 1 dp 
dt \3 />) s 3 1 c 2 dt 


Equation 7.2.4 can then be written as 


_L (^ + h 

Pc 2 V dt ) R r 





(7.2.5) 


Equations 7.2.2, 7.2.3, and 7.2.5 are valid for any particle R which corresponds to the 
shock position when the particle first crosses the shock. 

If we evaluate Eqs 7.2.1 and 7.2.5 at the shock front r = R, we get 


/ 3 uA 1 3 p s 
V dt ) + p 0 dR 

1 dp* ju s ( 

p s c 2 dt R \po/ 


= 0, 

(7.2.6) 

(SH 

(7.2.7) 


where the subscript s denotes to the condition at the shock front. Equations 7.2.6 and 
7.2.7 give the variations of p s and u s with time and shock position R. Note that the shock 
position is now defined by the position of the particle R that first crosses the shock. 

To complete the formulation, we need to derive an equation for p s (or u s ) along the 
shock path of the form ^ (or ^|) where ^ is the variation along the shock trajectory. 
For any function F(R , t), 

dF _dF dF dt 

dR ~ ~dR + ~d7dR' 
and evaluating at the shock, we write 


dF _ dF 13 F 
c iR~ ~dR + D~di’ 


where D = ^ is the shock velocity. Equations 7.2.6 and 7.2.7 give two equations for 
the four derivatives and We need two more equations to solve for all 
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the derivatives. The Rankine-Hugoniot equation across the shock gives 

Ps ~ Pa = &Ps = PqRu s = pqDu s (7.2.8) 

Thus 

HAn. du,. dn 

(7.2.9) 


d A p s du. d D 

-= p 0 D -h p 0 u s —, 

d R dR H dR 


A_ 1,11 
dR — dR ' D dt 

Hugoniot relationships also give 


where ^ ^ ^ 57 is the total derivative along the shock path. The Rankine- 


2 2 , Y + 1 A Ps 

D = C n 


from which we obtain 


2 po 

dD y + 1 d Ap s 

dR 4p 0 D dR 


(7.2.10) 


(7.2.11) 


Substituting the above equation into Eq 7.2.9 gives a relationship between and 


d r as 


d«, 1 


1 - 


Y + 1 ii s 


d A p s 


dR pqD \_ 4 D \ dR 

The Rankine-Hugoniot relationships also give 


2 — 
Po 


D 2 + ( K +l)^' 


(7.2.12) 


(7.2.13) 


Eqs 7.2.6, 7.2.7, and 7.2.12 now provide us with three equations for the four derivatives. 


7.3 The Energy Integral 

The remaining fourth equation is obtained from the conservation of energy. Brinkley 
and Kirkwood considered a novel form of the energy integral by equating the work 
done by a particle path to the gain in the internal and kinetic energies of the shocked 
fluid between the shock front and the particle path, that is, 

W (R 0 , t) = f kjr'p{Rf), t)u(Ro , t)dt, 

J *o(Ro ) 

= f k j r J (R,t)drp(R,t)(Ae+—\ (7.3.1) 

Jr(Ro,t) V 2 / 

where to(Ro) is the time the shock arrives at r = Rq, r(Ro, t) is the position of the particle 
Ro at time t. 

The first integral on the right hand side of Eq 7.3.1 is carried out along the path 
R 0 = constant whereas the second integral is evaluated at constant time t between the 
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shock r = R and the particle path r = r(Ro, t). This is illustrated in Fig. 7.2. Using the 
conservation of mass, that is, kjr' p dr = kjR J podR, we can write the second integral as 


kjR j pq ( Ae H-) d R. 


/; 

Jr 0 

If we let t -» oo, the total work done by the particle Rq is given by 

poo 

W(Rq,oo)= I kjr j p(R, t)u(R, t)dt, 

J to(Ro) 

poo 

= / kjr 1 'p 0 AeoodR, 

Jr o 


(7.3.2) 


where Aeoo = c j oc ~ eo is the residual internal energy of the shocked fluid. When t —> 
oo, u -* 0, thus the kinetic energy term vanishes. We may also drop the subscript 0 and 
write W(R, oo) as fV(R). 

Brinkley and Kirkwood considered the overpressure work rather than the pressure 
work. Since Ap = p — po, we write 

poo 

W (R) = / k,r’p(R, t)u(R, t)dt 


l 

-r 


i 


kjr j Apudt + / kjr j pQiidt. 


(7.3.3) 
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Since u = (|*f) and the second integral on the right hand side of the above is taken 


along a particle path R — constant we can write 


r°° . du r r(R ’°°) 

/ kjr J pQ—dt = / kjr J p 0 dr, 

Jt d t J r=R 


where r(R, oo) is the eventual position of the particle R when t —*■ oo. We may write the 
integral on the right hand side of the above as follows: 

pr(R, oo) r oo poo 

/ kjpQr J dr = I pokjJdr — / kjP(,r J dr, 

J r=R Jr=R J r(R,o o) 

where r in the first integral on the right hand side of the above equation is a dummy inte¬ 
gration variable and can be replaced by R and the second integral can also be changed to 
an R integration using the conservation of mass £ / r , drp 00 = kjR J dRpo . This is because 
the integration is taken at constant t —r oo. Thus 

f*r(R, oo) 


pl\K,00) POO POO 

/ kjp 0 r J dr = / p 0 kjR J dR - / kjp 0 
Jr=R JR JR 


—R j dR, 

Poo 


/; 


kjp 0 R J po ( -- — J d R. 

PO Poo J 


Eqs 7.3.2 and 7.3.3 now become 


-L 


W(R)= / kjRJpoAeocdR 


= E(R) + [ kjR j popo (— - — ) dR, 
JR \Po Poo J 

where E(R) is the overpressure work given by 

/ oo 

kjj Ap(R,t)u(R,t)dl. 


(7.3.4) 


(7.3.5) 


From Eq 7.3.4, we obtain 


E(R) = 


f 

-f 


kjR J po ( eoo - e 0 - — + — ) dR 

Po Poo 


kjR'poihoc ~h 0 )dR, 


(7.3.6) 


where h = 


is the enthalpy and we have used the fact that as t oo, p 00 


Po- 


Equation 7.3.6 states that the overpressure work done by a particle eventually becomes 
the residual enthalpy of the shocked fluid whereas the pressure work becomes the resid¬ 
ual internal energy. 

The residual internal energy and enthalpy can be expressed in terms of p and p since 


for a perfect gas e = 


p 


and h = 


— yp 


. Thus we write 


ho = h 0 - 1 = 


YPo 


po(y - 1 ) Vpoo 


*-_i 
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since p 00 = po. Using the particle isentropic condition, = constant, we may 


write — % and hence — = ( — ) ^ ( 




=te)’(sMl? +i ) ? (s) 


— ) where we have used 


Poo = po- Thus we may write Eq 7.3.6 in terms of A p s and p s as 


E(R) 


= [ 


k,R J dR- 


YPo 
(Y- 1) 


Aft 

Po 


+ 1 ) * 

Ps 


(7.3.7) 


Eq 7.3.7 above gives the variation of the overpressure work done by any particle R, or 
equivalently Eq 7.3.7 gives the variation of the overpressure work as a function of the 
shock position R. The right hand side of Eq 7.3.7 is the residual enthalpy. The energy of 
the blast wave comes from the work done by the particle and eventually the energy of 
the blast wave remains as residual internal energy or enthalpy. Thus the BK theory links 
directly the energy dissipation by the shock wave to its decay. 


The Fourth Equation 


The fourth equation for the derivatives can now be obtained from the energy integral. 
We can write Eq 7.3.5 as 


E(R) = kjR j A p s u s 



d t, 



(7.4.1) 


where 



(7.4.2) 


At the shock, r — R. A p — A p s , u — u s and the integrand / = 1. As t — oo, A p -> 
0, u —> 0, f —y 0. Thus / is a decreasing function of time. Near the shock, we may 
approximate / ~ e~ T where 


t - t(R) 

r = -. 

M 

Thus dt = p,(R )dr where 7 = ~j %- Equation 7.4.1 can be written as 


(7.4.3) 


E(R) = kj R J A p s u s fi(R)v(R), 


(7.4.4) 


where 


v(R) = 



(7.4.5) 


is the dimensionless integral (Eq 7.4.5). To evaluate v(R), the variation of /(r) (or 
A p(R, t) and u(R, t)) with time r must be known. This amounts to knowing the solution 
for the flow field behind the shock. For fix) ~ e ~ z , the integral v ~ 1. For the regime 
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corresponding to a linear pressure-time profile of the positive phase of the wave, /( r) = 
(1 — r/2) 2 for r < 2 and /(t) = 0 for r > 2. This gives v = Thus | < v < 1 and 
the variation of v is not large. Brinkley and Kirkwood pointed out that assigning a value 
for v independent of R is equivalent to imposing a similarity constraint on the energy¬ 
time curve. 

In the original BK analysis, they chose v(R) to be of the form 


1 A Ps 

—e p o , 
3 


(7.4.6) 


so that for strong shocks where 1, v —> 1 and for the weak shock regime where 

<-£ 1, v —> Thus Eq 7.4.4 recovers the two limits of strong and weak shocks. 

Assuming a form for the energy integral eliminates the need to obtain a solution of the 
basic equations. The advantage of the BK theory is to formulate the problem in such a 
manner so that the blast decay can be solved without integrating the partial differential 
equations of motion. The blast decay is not sensitive to the energy integral v which is a 
slowly varying function between a small range of values. 

From Eq 7.4.2, the fourth equation for the derivatives ^p, pp-, etc. can now be 
obtained. Differentiating Eq 7.4.2 with respect to time t along the particle path R = 
constant yields 


J_3/\ l/9w\ 

/ 3 t) R r\dt) R Ap \ dt ) R u\dt) R 

and evaluating the above equation at the shock front gives 


1 _ ju s 1 dAp s 

n(R) R Ap s dt 


1 3 u s 
U s dt 


(7.4.7) 


where we have used Eq 7.4.3 for \ % — — -. 

u f at n 

Eqs 7.2.6, 7.2.7, 7.2.12, and 7.4.7 provide four equations for the 
-jp, pf, jp for determining the variation of the shock strength 

( e -g-, pup where -4 = 4 + ^). 


four derivatives 
along the shock path 


7.5 The Shock Decay Equation 

To obtain the equation for pfp we first obtain a linear combinations of Eqs 7.2.6, 7.2.7, 
and 7.4.7 of the form 


A 


dA p s 
d R 


d u? 

B— + C= 0, 
dR 


(7.5.1) 


where ^ is the total derivative along the shock path. Multiplying Eq 7.2.7 by a multi¬ 
plier a and Eq 7.4.7 by ft and adding the resultant equation with Eq 7.2.6, we obtain 
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after re-arranging the following equation 


3 \ 9m. 


1 + - )-^+ — —f 


u s 7 dt 


dp s \ du 


Po ) dR 


9_ ^ _3 \ 9A p s 

.2 


PsC: 


A p s 


dt 


1 9 A ps iu s 3 

+-+ ^(« + /l)+^ = 0 . 

Po oR R p 

Re-arranging the above equation in a more convenient form to obtain an equation for 
the variation of A p s and u s along the shock front, we get 


aps 

Po 
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Po 


3 \ du s 
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dR aps 


1 


/ 9 A p s 

po L\ dR 


u s 7 dt 
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Po 
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(7.5.2) 


+ (« + 3) j ~y + 3h = 0. 


For the above equation to be of the form given by Eq 7.5.1, we must choose the 
multipliers a and 3 so that 


Po 


-h. + -i = 5 . 


1 


ap s 

a 3 
sPscj A p. 

Equation 7.5.2 can then be written in the form 


Po 


1 

D' 


(7.5.3) 

(7.5.4) 

(7.5.5) 

(7.5.6) 

(7.5.7) 

(7.5.8) 

Equation 7.5.5 contains derivatives of A p s and u s . Using Eq 7.2.12 to eliminate 
we obtain 


ap s du s 1 dAp s jiis 

— Td + —+ (« + £)— + 3^ = 0, 
po dR po dR R 

where 

d _ 9 19 

dR ~ dR + Ddt' 

Solving for a and 3 fr° m Eqs 7.5.3 and 7.5.4 gives 
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Solving for yields 


dA p s ~[(“ + P} J lt + 


c IR 


D 


+ •-%('-is M )' 


(7.5.9) 


in the above equation, a and /I are given by Eqs 7.5.7 and 7.5.8, and /x is given by 
Eq 7.4.4 as 


ix 


E(R) 


kjRJ Ap s u s v(R) ’ 


‘-jj and D are given by the Rankine-Hugoniot equations, that is, 
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Po 
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(7.5.10) 


Equation 7.5.9 contains jx(R) which is given by Eq 7.4.4. Thus another equation is 
needed for E(R). From Eq 7.3.7 we obtain 


* = - kj W 
d R 1 y - 1 


i+^y»-i 

PO ) Ps 


(7.5.11) 


The negative sign is introduced to account for the fact that E(R) is a decreasing 
function of R. Equations 7.5.9 and 7.5.11 can be arranged in a more convenient form as 


dr 

d R 


= ~F(z) 
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Q(z) = 1 


(3y — l)z , x(2y 2 — Y + l) 
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Equation 7.5.12 can be written as 

d E 
d R = 
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where 


G(z) = (1 +z)r 


( 2Y + (r ~ 
\2y + (y + l)z 



(7.5.16) 


Given appropriate initial conditions, Eqs 7.5.12 and 7.5.15 can be integrated simultane¬ 
ously. The energy integral is given by the empirical relationship shown in Eq 7.4.6. 

To integrate Eqs 7.5.12 and 7.5.15 one can specify the value of z(Rj) and E ( R ,) at 
some initial radius if,-. Alternately we can also specify z(R,) and (gf)^ where 
is the initial rate of decay of the shock. If is specified, E can be determined from 
Eq 7.5.12. If we specify then it must be specified to a high degree of accuracy 
whereas the solution is less sensitive to the energy E. 

Note that the energy integral v(z) is specified by a relationship that is independent 
of the solution which in reality should be determined from the solution of the flow 
field itself. That the BK theory is quite accurate is due to the fact that v has a small 
range of values and is a slowly varying function of t. The BK theory is formulated in 
such a way that the parameter that depends on the flow field can be decoupled from the 
solution thus permitting the shock decay to be determined without solving for the flow 
field. 

To illustrate the solution of the BK theory, we shall use it to describe the decay of a 
point blast wave. For a strong spherical blast, the decay is given by the similarity solu¬ 
tion descried previously in Chapter 4. As the shock decays to finite shock strengths, 
the perturbation solution can provide an accurate solution when ij 1 (where ri = jp). 
We shall use the third-order perturbation solution given by Bach and Lee (1969) to pro¬ 
vide the initial conditions to start the integration of the BK equations. For convenience 

we shall write Eqs 7.5.12 and 7.5.15 in non-dimensional form. Defining the explosion 
1 

length Rq = 1+1 , where Wo is the blast energy, we normalize R by Ro, that is x — ^. 

We also express the non-dimensional form of energy W by s = jpr (note that is = yW). 

Equations 7.5.12 and 7.5.15 then become 


dz f z.jO(z) (y + 1 )z 4 x J vkj 

_ = -F(z) - 


ds kjX^G{z) 

dx (y — 1) ’ 


(7.5.17) 

(7.5.18) 


where F(z), Q(z ), G(z), and v are given by Eqs 7.5.13, 7.5.14, 7.5.16, and 7.4.6 respec¬ 
tively. 

Using the third-order perturbation solution of Bach and Lee (1969), we compute the 
initial value of z and to start the integration of the BK equations. Three different 
initial values of z(x,) and are chosen corresponding to the shock Mach numbers 
of M si = 3.16, 2.58, and 1.82. The decay of the shock overpressure with distance is 
shown in Fig. 7.3. The numerical predictions of Goldstine and von Neumann (1955) 
are also shown in the figure. As can be observed, excellent agreement is obtained. 
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Figure 7.3 Decay of Shock Overpressure with Distance 

The BK solutions using different initial conditions are also found to agree with one 
another. 


7.6 


The Asymptotic Weak Shock Regime 


In the far field where the shock has decayed to a weak shock, that is, M s —>■ 1, z -* 0, 
Eqs 7.5.12 and 7.5.15 can be simplified permitting them to be integrated. When z«l, 
v —»■ |, F(z) —»■ j, and Q(z) -> 1. Equation 7.5.12 simplifies to 


dz _ jz (y + l)z 4 R J yp 0 kj 

dR ~ ~2R 12 y^E 


(7.6.1) 


Expanding the function G(z) for small z and retaining the lowest-order term, we get 

(y - i)(y + i> 3 


G(z) 


12y 3 


and thus Eq 7.5.15 becomes 


d E _ kjR J yp 0 (y + l)z 3 
dR ~ 


12y 3 


(7.6.2) 
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Combining Eqs 7.6.1 and 7.6.2, we obtain 

dr jdR d£ 

7 ~ ~ 2 R + ~E' 

which integrates to yield 

E = CzRi , (7.6.3) 

where C is a constant of integration. Substituting the solution for E into Eq 7.6.1 gives 

d z iz , j 

— = - Kz^R*, (7.6.4) 

dR 2R 

where 


K = 


(y + 1 )kjypo 


C12y 3 


Equation 7.6.4 can be solved by setting 


for which it becomes 


R 2 


— = -kz'lR-t, 

dR 


and for j ^ 2 , the above equation yields 


z! = 


(gJiH-q,)’ 

where C 2 is another constant of integration. Thus 

R-i 


z! 

Ri 


(7.6.5) 


(7.6.6) 


(MjR'-i+C 2 y 

For planar geometry where j = 0, Eq 7.6.6 gives the asymptotic pressure decay as 

Ap s 1 


Po R* 

For the cylindrical geometry where j = 1, Eq 7.6.5 gives 

A p s 


z ~ -~ R 4 . 

Po 


(7.6.7) 


(7.6.8) 


For the spherical case (7 = 2), Eq 7.6.5 becomes 
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which integrates to yield 

-4 = 2K\nR + C 3 , 

z' z 

1 

or z =- r , 

R(2K\nR + C 3 )~2 

and hence z = —— ~ - r . 

Po R(lnR)z 

The asymptotic decay law from the BK theory is in accord with those described 
previously in Chapter 2. 


7.7 


Explosion of a Pressurized Sphere 


Consider a sphere of radius R, with pressure p, and density /),. The initial strength of the 
shock formed is z, when the sphere ruptures and can be found from the non-dimensional 
shock tube theory (Chapter 5) if the state outside the sphere is po, po, and T 0 . Using a 
perturbation theory, the one-dimensional shock tube flow can be made to account for 
the spherical geometry and the initial rate of decay of the shock can be found 
(McFodden, 1952). 

Equation 7.5.12 can be used to find the explosion energy W 0 and hence the explosion 
length R 0 — (jjj-') 3 can be obtained. Equations 7.5.17 and 7.5.18 can then be integrated 
numerically for increasing shock radius x = ^. Equivalently, if the explosion energy 
can be specified directly, the more involved task for using a perturbation solution of the 
shock tube flow to find can be avoided. In the BK theory, the explosion energy 
corresponds to the work done by the expanding interface and requires the solution of 
the blast wave flow field. However, in the numerical study by Brode (1955), it was found 
that the internal energy of the sphere given by 


4jt , 

^ 


(.Pi ~ Po) 
Y~ 1 


can be used to represent the blast energy Wo, and the explosion length is Rq = 



With the initial shock strength z(x;), where x,- = ^ determined from the shock tube 
theory, Eqs 7.5.17 and 7.5.18 can be readily integrated using the initial condition x, = 
1, z(x,), and e(x,) = 1. The results for the variation of the shock overpressure ^ = 
Ps ~ Po with shock radius x = for various values of the initial pressure ratios — of 
the sphere are shown in Fig. 7.4. For comparison, the numerical solution for point blast 
decay obtained by Goldstine and von Neumann (1955) is also included. For high values 
of sphere pressures ( p s — po )/po >> 1, the BK solution is found to approach that of the 
point blast solution. For lower sphere pressures and weaker blasts, the decay is slower 
and in the far field x 1 , the shock overpressure is higher than that of the point blast at 
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Figure 7.4 Variation of Shock Overpressure with Radius for Different Values of Initial 
Pressure Ratios 


the same shock radius x. This indicates that for strong blast, the energy is dissipated and 
goes to heating of the core of the blast sphere and less energy is available to drive the 
shock in the far field for large radius. The BK theory describes the shock front decay 
and does not provide the flow field behind the blast wave. 
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Non-similar Solutions for Finite 
Strength Blast Waves 


8.1 Introduction 


When a blast wave has decayed to finite strength, self-similar solutions are no longer 
possible. There are a number of analytical methods to describe the propagation of finite 
strength blast waves and we shall discuss a few of them in this chapter. 

If the shock Mach number is not too close to unity and <$; 1, perturbation of the 
self-similar solution in powers of;; = is possible. The zeroth-order solution where 
ri = 0 would correspond to the self-similar solution for strong blasts. Perturbation solu¬ 
tions in 7], which is the inverse of shock Mach number squared, has been obtained by 
Sakurai (1953, 1954) and others. A quasi-similar or local similar solution was later 
developed for finite strength blast waves by Oshima (1962). In the quasi-similar method 
it is assumed that, for a small range of shock strength, the distributions behind the 
blast are approximately similar. Thus, for a local value of the shock Mach number self¬ 
similar solution can be obtained. An integral method has also been developed for finite 
strength blast waves by Bach and Lee (1970). The integral method is in the same spirit 
as the Karman-Pohlhausen integral method in boundary-layer theory. By assuming the 
form for the density profile, the continuity equation can be integrated to yield the par¬ 
ticle velocity profile. With the density and velocity profile obtained, integration of the 
momentum equation then gives the pressure profile. With the three profiles determined, 
the energy integral can then be used to solve for the shock decay. The three analytical 
methods mentioned above have their “pros” and “cons” and their choice depends on the 
application and accuracy desired. 


8.2 


Basic Formulation 


For finite strength blast waves, the variables are functions of both £ = j- and ;; = jp 
(where £ and i/ are used as independent variables instead of r and t). The non- 
dimensional dependent variables are defined as 


'?) = 
</>(£. n) = 


m,ri) = 


P{r . 0 

Po 

u(r, t) 

IT’ 

P(r, t) 
PgR] ’ 





8.2 Basic Formulation 


137 


where R s = ^ is the shock velocity. The basic conservation equations in the above 
variables are 


,, fc ,90 , , 90 , J00 90 

(0 + ir— + —— = 2 Oil — , 

9§ 9£ | 9?? 

90 1 9/ 90 

? 7 9£ v 0 9£ ' drj 

df 90 Yi<t>f Bf 

(0 - + Yf^r + 20 /+ = 2On-f, 

9? 9? § 9 )7 


( 8 . 2 . 1 ) 

( 8 . 2 . 2 ) 

(8.2.3) 


where 


0(7?) = 


R.iR.i 


The energy integral is written as 


7?? 


kjr 1 dr 


-f 


pgegk/dr , 


where eo = is the internal energy of the medium ahead of the shock front. In 

terms of the blast wave variables 0 , 0 , /, £, rj, the energy integral can be written as 


Eg = p a R 2 M +x kjI - 


PokjR. 


J+l 


(y - i) 0 * + 1 )’ 


where we have used eg = ■ We define an explosion length Rg as 


Rg = 


Eg 

kjPgCg 


j +i 


Eg 

kjYPg 


(8.2.4) 


(8.2.5) 


Note that the usual definition of explosion length is 

However, in the definition given by Eq 8.2.5, the constant ykj is absorbed into the 
definition of Rg and this results in a simplification of the energy integral. We shall use the 
definition of the explosion length given by Eq 8.2.5 here. The energy integral (Eq 8.2.4) 
now becomes 

—= R{+ 1 = R{ +] M 2 T -—-, (8.2.6) 

kjP 0 c 2 0 y(y-i)0'+i) 

where 

' 00 2 


1 = 


f 


f 

Y ~ 1 




Defining a non-dimensional shock radius y as 

'R^ J+1 


y = 


Rg 


(8.2.7) 
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the energy integral can be written as 


\=i y - 


y 


11 y(y - i)(y + i) 


( 8 . 2 . 8 ) 


When the shock is strong, M s ~^> I, )? <5C 1, the first term on the right hand side dom¬ 
inates; thus 

1 ~ /— for ?7 <5C 1 
7 1 

Since the left hand side of the above equation is unity, that is, } - must approach a 
constant as i] 0. Hence y Arj where A is a constant. From the definition of y and 
rj, we see that | —> A means 



7+1 R] 


-f^A, 

c o 


and with R s ~ t N , R J S +1 R* ~ t ( J + ' )N+1{N and the exponent of time t must vanish since 
the right hand side is a constant. This gives N = and 0 = — and the self¬ 

similar solution for strong blast is recovered. 

The energy integral given by Eq 8.2.8 introduces a new variable y (Eq 8.2.7), thus 
another equation is required for y. From the definition of y, we can differentiate and 
obtain 


d y _ 0 +1) 

d R s Rq \ Rq ) 

and since R s yp = —26 the above equation becomes 

dr? V 2 ) \6rjJ ' 


(8.2.9) 


Equations 8.2.1, 8.2.2, 8.2.3, 8.2.8, and 8.2.9 constitute five equations for the five 
dependent variables, 0, 0, /, rj, and y. 

The boundary conditions at the shock front f = 1 are given by the Rankine-Hugoniot 
equations as 


0(1, tj) = 


0(1, rj) = 


Y + 1 

(X - l) + 2 rj’ 
2 


y + i 


(i - n), 


/(!,»?) = 



y-i 
2y 


'?)■ 


( 8 . 2 . 10 ) 

( 8 . 2 . 11 ) 

( 8 . 2 . 12 ) 


The solution 0(£, p), 0(f, rj), etc. must also satisfy the rear boundary condition 
of 0 = 0 at the center of symmetry f = 0. The initial conditions are at t = 0, y = 0, 
;? = 0 . 

Equations 8.2.1-8.2.3 are still partial differential equations like the Euler’s equa¬ 
tions. The blast wave variables replace the p, u, p, r, t of the dimensional Euler’s 
equations. 
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8.3 Perturbation Solution 


For strong and moderate strength shock waves where rj <$; 1, we may seek a perturba¬ 
tion solution in the form of a power series in i/ (Sakurai 1953, 1954; Swigart 1960; 
Korobenikov and Clushkin 1963; Bach and Lee 1969). Accordingly we write 

</>(£> b) = 2 <j) n ri n = 0o(£) + 0i (f )b + <Pi(H) , f H- 

lKM) = £ 0 «^ = 0 o(t) + 0 i(§)/? + 02 (§)> 7 2 + --- 1 ( 8 . 3 . 1 ) 

/«.»?)= £/^" = /o(?) + /i(£>7 + /2(£>7 2 + --- ] 

where the zeroth-order solution is the self-similar constant energy solution. The shock 
radius y can also be expressed as a power series in rj as 

y(ri) = £ A n r\ n = A X 1 J + A 2 ri 2 + A 311 3 H- (8.3.2) 

The form above follows from the energy integral where ^ -> constant as i] —>• 0. 
Similarly, the energy integral can be expanded using Eq 8.3.1, that is, 

1 = lo ' + = 1 ° + 1 Ai + hv 2 + --- 

where 

r)^- 

/t =f o (^ + 000001 + ^df, 

h=J 0 (^Y 1 + YY + 0i0i0o + 000002 + ^4 t ) £ y d£, 
f 1 ( 030n 010? 

■6 = J ( —^ H-^ + 000002 + 000102 + 010002 

+ 020001 + ( 8 - 3 . 3 ) 

y - 1 / 

The shock decay coefficient, 6(ri) can be also expanded as 

0(rj) = T,B n r] n =0q+0\ti + 9 2 r ] 2 + 03?? 3 H- 


where 



0i 


7 + 1 +2 

2 + j’ 


(7+1) 

(l- 

(t) 

7+ 1 / 

4+2 

7+2+3 

2 { 




03 = 



(8.3.4) 
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The above expansions for 0(p) are obtained from Eq 8.2.9 using the expansion for 
y(rj) given by Eq 8.3.2. Since the energy integral relates^ with 7, the coefficients of the 
expansion for_y(p) in Eq 8.3.2 can be expressed in terms of the energy integral, that is, 
k,h,h, etc. as 


A i = - 


A 2 

A, 

A 4 


k lr(y - i)(/+ i) 


■Aih 


1 


A 2 


k ly(y - 1 ) 0 '+ 1 ) 


— A 2 1\ -I 2 A x 


1 


+3 


h Ly(y- 1)0+1) 


■ A\I 2 — A 2 I 2 — A 2 I\ 


(8.3.5) 


The equations for the different order solutions can be obtained by substituting the 
expansions for 0, </>, /, 9 into the basic equations (i.e., Eqs 8.2.1-8.2. 3). Collecting 
terms of the same order of magnitude in rj, we obtain for 

Zeroth order in i] 


70000 


= A 


(0o - £)0o + 0o0o = 

s 

(0o - §)0£ + ^ = -0o0o = Af, 


(0) 


0o 


(00 -$)fo + Yf 300 = 


2 «„/„+>++) 


= A' 0) . 


(8.3.6) 

(8.3.7) 

(8.3.8) 


First order in )] 


01 (00 — 20o) + 01 00 + 


(00 - f )0J + 0O0i 
7(0001 + 0100) 


01 (00 -0) + 010O - 


01/o 
0o 


y/i0o + 0i/o + 20i/o + 


(00 -£)/( + y/ o 0l 

yj'(/o0i +/i0o) 


= A 


(D 


/( 


(00 — £ )0i + ~r~ — 
00 


(1) 


= A 


= A<‘>. 


(8.3.9) 


(8.3.10) 


(8.3.11) 
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Second order in i] 


(00 - £ ) 0 2 + 0002 = - 


(00 — § )02 + = ' 
00 


(00 - f )/ 2 ' + yM' 2 = - 


02(00 - 4@o) + 0101 + 010! + 02 00 - 20101 
7(0002 + 0101 + 0200 ) 


s 


= A 


( 2 ) 


(8.3.12) 


02 (00 - 300) + 010! - 0101 + 0200 


0101 , A Jr 

00 00 V0O 2 


= A 


( 2 ) 


(8.3.13) 


02 (M — 20o) + y/l0i + 0l/i + 0200 + 20 2 /o 


K7'(/o0o +0101 +0200)' 


= A 


( 2 ) 


(8.3.14) 


Third order in i; 


(00 - §)0! + 000! = - [03(0! - 60 O ) + 02(0'l - 401 ) + 000! - 202) 
+ 0300 + 020! + 0102 

00003 + 0102 + 0201 + 0003)] = A®, 




/} 


(00 — ^ )03 + — — — 


0o 


00 00 V 0o 


A(tl _ 2 0i 02 

0n \ 02 00 


03 


= A 


(3) 


(00 - f )0 3 ' + y/o03 = - [/3(K0! - 4@ 0 ) + / 2 (K0 'i - 201) 

+ T0102 + 203/0 + 030) + 0201 + 0102 


+ (0)03 + /l02 + 0201 + 030o) 


= A 


(3) 


(8.3.15) 


03 (00 - 500) + 02(0! - 301 ) + 01 (0! - 0 2 ) 


(8.3.16) 


(8.3.17) 


The zeroth-order equations are the self-similar equations for the constant energy 
strong blast. With 0 O = — Eqs 8.3.6-8.3.8 can be integrated immediately using 

the strong shock boundary conditions at the front f = 1. The integral 7o (Eq 8.3.5) can 
then be computed and A\ determined. 
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The boundary conditions for the higher-order solutions at the shock can be obtained 
by expanding the Rankine-Hugoniot equations, that is, Eqs 8.2.10-8.2.12. Hence 

0(1, n) = 4>o(l) + </>i(l)?7 + 02(l)rr H- (8.3.18) 


where 


0o(D = — ~T’ 0lO) =- ~~T > 02(1) = 0, 03(1) = 0. 

Y + 1 Y + 1 


For the pressure 


/(M) =/o(l) +/i(l>7 +/ 2 (1 b? 2 + • ■ 


(8.3.19) 


where 


/o(l) = 


y + i 

and similarly for the density 


/i(l) = 


Y(Y + 1) 


, /2d) = 0, / 3 (1) = 0, 


0(1, 7}) = 0 O (1) + 01 (1 >7 + 02(l)h + 


where 


Y + 1 2(y+l) 4(v + l) 

0o(l) = 4—r, 0i(1) = ,. 2 , 02(1) = 03(1) = 


(8.3.20) 

Y(Y + 1) 


y — i ’ (y — i) 2 ’ (y-i) 3 ’ (y - i) 4 ' 

To facilitate the numerical integration of Eqs 8.3.6-8.3.17, we can solve for the 
derivatives 00 0J, etc. and obtain 


0o = 


0i = 


/o = 


(0o - £) 2 Aj 0) + Af - ^Aj 0) - (0o - ?)0oAf 


(0o-§)[(0o-?) 2 


K/o 

fo 


(0o-?)A 


(0o-?) 2 -^ 


^0 

O) _ „ /•. A (0) 


(0o - g)A^ - y/pA^ 

(0o-?) 2 -^ 


For the first-order derivatives 0J, 00 f[, we obtain 

(0o - ?) 2 A« + A« - ^A* 1 ' - (0o - ?)0 O A< 1) 


01 = 

0'i = 

/( = 


(0o-§)[(0o-^) 2 - 


K/o 

lh> 


(0o-?)A«-^- 


y/o 

^0 


[(00 - §) 2 ~ 

(0o - ^A* 1 * - y/ 0 A« 


- o 1 - f ] 


(8.3.21) 


(8.3.22) 


(8.3.23) 


(8.3.24) 


(8.3.25) 


(8.3.26) 
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For the second-order derivatives, we have 

xf/'i = 


(00 - ?) 2 A ( ! 2) + Af - ^A* 2 ' - (0 O - ?)0oAf 


(00-?) (0o -£) 2 -^ 


(00 -^)A< 2> -^- 

(^o-?) 2 -f 

(00 - £)A< 2> - y/ 0 A< 2) 

(0o-?) 2 -f 

For the third-order derivatives, we obtain 


02 = 


/2 = 


(00 - £) 2 A? } + A^ - ^A^ - (00 - ?)0 O A^ 


(3) Yfo a <3) 


03 = 


(0o-§)[(0o-?) 2 


K/o 

V'o 


03) 



(00-^Af-^r 
(</> o-?) 2 -f ’ 

(00 - £)A< 3) - y/ 0 A< 3) 


(8.3.27) 

(8.3.28) 

(8.3.29) 

(8.3.30) 

(8.3.31) 

(8.3.32) 


The variables Aj"\ A^, and A^, where « = 0, 1, 2, 3,... are the left hand terms of 
Eqs 8.3.6-8.3.17 for the various orders in i]. 

For the higher-order solution, 6„ is initially not known and hence the higher-order 
equations cannot be integrated as the zeroth-order equations. An iteration procedure 
is required to determine the higher-order solutions. For example, to determine the first- 
order solution, a trial value of A 2 is first assumed and 9\ can then be found from Eq 8.3.4, 
that is, 


9i 


j+ 1A 2 
2 A l ' 


The first-order equations (i.e., Eqs 8.3.24-8.3.26) can now be integrated numerically. 
The integral I\ can then be determined and from Eq 8.3.5, a new value of /1 2 is found 
which can be compared to the assumed value of A 2 . The correct solution will be obtained 
when the assumed value of An agree with the computed value from the energy integral 
to within a prescribed accuracy. In general, it is found that the energy integral is not 
very sensitive to the solution and hence is used unless a very high degree of accuracy 
is required. On the other hand the rear boundary condition at the center of symmetry 
which requires the particle velocity to vanish, is found to provide a much more sensi¬ 
tive criterion for iterating for the correct solution. With an assumed value of A 2 , and 
hence 0\, the first-order equations are integrated and 0i(O) = 0 is used as the criterion 
to arrive at the correct solution. In the study by Bach and Lee (1969), an accuracy of 
|0„(O)| < 10~ 9 was found to give very good results for the higher-order solutions. 
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To obtain the shock trajectory, the identity 


R s = 


J 


R s dt, 


can be used. In terms of y and //, the above equation can be written as 


d 



77 2 dy 

(7 + 1 ) y ^ 


and substituting the perturbation expressions fory into the above equation and integrat¬ 
ing yields 


where 


+ B 2 r] + B 3 r] 2 + B 4 rt 3 H-), (8.3.33) 

Ro 


B 1 


2 A[ +l 
7 + 3 


0 + 2)Q + 3)A 2 
0 + l)(3y + 5)A\ ’ 


B 3 


(2y + 3)0+ 3) [| 


_/+ 

2(7+1 


0+l)(5y + 7) 


(37 + 4)(y + 3) r+ 4 7+2+3 7'(27 + 1 )4 ' 

0 + 1 )(77 + 9) Ui 0 + 16(7 + 1 )+4 2 _ ' 


(8.3.34) 

(8.3.35) 


(8.3.36) 

(8.3.37) 


For y — 1.4, the perturbation coefficients are given in Table 8.1 (Bach and Lee, 1969) 
and compared to previous Authors. 

The analysis in this section is for a perturbation solution in rj. Alternatively one 
can seek a perturbation solution in the shock radius y, that is, i/r(§, 77 ) = ’Zij/ n (t;)y n = 
i/zoO) + 1//1 (fly + ■ • ■, etc., since r] 1 corresponds to y 1 also. Note that, to the 
same order in the perturbation parameter, the accuracy of the solution may be different. 

Higher-order solutions require the solutions for the lower orders. Thus, a very high 
accuracy is required for the lower-order solutions. Higher-order terms in the perturba¬ 
tion equation diverges and it is not worthwhile to continue to orders higher than third 
order. 

A comparison between the perturbation solution and finite difference numerical inte¬ 
gration of the conservation equations is illustrated in Figs. 8 .1-8.3 for spherical blast 
with y = 1.4. In Fig. 8.1, the shock decay coefficient 6 is given. The variation of shock 
strength with shock radius is shown in Fig. 8.2. The shock trajectory is shown in Fig. 8.3. 


8.4 Quasi-similar Solution 

Oshima (1962) developed a method to describe the decay of finite strength blast waves. 
He called the solution “quasi-similar” solution. For strong blast waves where t] —»■ 0, 
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Table 8.1 Perturbation Coefficients 


j 

0 

1 

2 

00 

-0.50000 

- 1.00000 

-1.50000 

0i 

1.07167 

1.98356 

2.87723 


1.0717* 

1.9836* 

2.8773* 


1.068“ 

1.989“ 

2.877“ 

02 

-1.36056 

-2.10160 

-2.7373“ 

-2.84969 

03 

2.08025 

2.97464 

3.89983 

A, 

0.82497 

1.59622 

2.36246 

A-2 

1.76819 

3.16620 

4.53155 

A 3 

2.66741 

4.60305 

6.44813 

a 4 

3.65364 

6.27709 

8.67653 

k 

1.21217 

0.62648 

0.42329 

h 

-0.81239 

-0.34981 

-0.21669 

h 

1.64924 

0.65831 

0.40208 

h 

-0.50279 

-0.18592 

-0.10975 

5 , 

0.54998 

0.63171 

0.53274 

b 2 

2.57201 

1.48767 

1.16252 

b 3 

4.15718 

1.58341 

1.03146 

b 4 

5.90511 

1.79201 

1.07922 


“ Sakurai (1965). 

* Korobeinikov and Clushkin (1963). 
“ Swigart (1960). 



Figure 8.1 Shock Decay Coefficient 6 
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Second Order 

= r/(A, + A 2 ti + A 3 ri 2 ) 



Figure 8.2 The Variation of Shock Strength with Shock Radius 



Figure 8.3 The Shock Trajectory 
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the right hand side of Eqs 8.2.1-8.2.3 vanishes and if 6 is not an explicit function of 
ij, then Eqs 8.2.1-8.2.3 reduce to ordinary differential equations giving the self-similar 
solution /(f), (p(i -), /(£) for strong blasts. In the quasi-similar solution of Oshima, the 
derivatives of /, <P, f with respect to ii on the right hand side of Eqs 8.2.1-8.2.3 are 
replaced by functions of r] so that for a local value of rj, Eqs 8.2.1-8.2.3 become ordi¬ 
nary differential equations, that is, the solution is similar for a local value ofOshima 
justified this approximation by noting that the density distribution for nearly equal shock 
strengths exhibits similar features. The quasi-similar approximation of Oshima for blast 
wave decay is analogous to the local similarity approximation used for boundary layer 
over blunt-nosed bodies in hypersonic flow where the derivatives with respect to the 
streamwise variable are assumed to be small compared to the derivatives normal to the 
streamline. This results in terms depending only on the streamwise variable arising from 
the external flow or wall conditions can be assumed to take on their local values. The 
local-similar approximation represents a patching together of local solutions. The valid¬ 
ity of this approximation requires that the external flow properties vary slowly with the 
streamwise variable. In the blast wave problem, the local similar approximation implies 
that the variations of i/r, </>, / with respect to f are much larger than the variation with 
respect to ??. Oshima quoted experimental observations to justify the local similarity 
approximation. 

To render the right hand derivatives of terms in Eqs 8.2.1-8.2.3 with respect to ?; to be 
a function of r], Oshima assumed that, for a narrow range of the shock strength, the solu¬ 
tions can be approximated by the form i/r(§, 77 ) = /ld/iAA /(f, 7 l) = )<p 2 ( 7 l), 

and /(£, rj) = f\{H)fi(il)- Differentiating the assumed form of the quasi-similar solu¬ 
tion, we obtain 


3 In 1/7 ' 

\ a In 7 / 2 ( 77 ) 

dii / 

/ ? dll 

3 In (p 3 

1 d\n<p 2 (v) 

dii ) 

/ dri 

3 In/3 

| 31n/ 2 (?7) 

dri ) 

/ dri 


The derivatives with respect to 11 on the right hand side of the above equation is 
independent on £. Thus we may evaluate them at the shock front where f = I and using 
the Rankine-Hugoniot equations (i.e., Eqs 8.2.10-8.2.12) we obtain 

31n/^ 9 In i/r ^ Slni/A) — 2 rj 

drj (y - 1) + 2rj’ 

dlncp(l) —rj 

di] 1 — 77 

dln/(l) = ~(Y ~ 1 

drj 2y — (y — 1 )r] 


dd ) f 3'? /f=: 
3 In (f> \ 3 In </> \ 

dr l A=i 

3 In r 


3 n ) 

9 In A 

3»; A 


dll 


f=l 
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Replacing the derivatives with respect to i] on the right hand side of Eqs 8.2.1-8.2.3 
by the above and rearranging yield 


where 


(<t> f )iA + f <t> + ^ = Aii/f, 

(8.4.1) 

W>-f)0'+^ = A 2 0, 
y/ 

(8.4.2) 

, / y i f4> 

(</> - $)/ + Y = A 3 /, 

(8.4.3) 

—40n 

Ai = , 

(y - l) + 2i7 

(8.4.4) 

A ’ = -«( 1 _V 1 )' 

(8.4.5) 

Aj =- 29 GAA +i )- 

(8.4.6) 


For a local value of the shock strength rj, Eqs 8.4.1-8.4.3 then become a set of ordi¬ 
nary differential equations which can be integrated using the boundary condition at the 
shock front £ = 1 given by Eqs 8.2.10-8.2.12. 

To facilitate the integration, we can solve for the derivatives i/d, </>', and /' from 
Eqs 8.4.1-8.4.3 and obtain 


(</> - + Aj*) + a 3 / - up - m 


\[r' = 


YJ<>f vf (-JHl 


AiVO ' 


(0-t)A 2 0 


(0 - m<t> - - Y 4) 


(0-*)A 2 0-(A 

(d» -H) 2 ~ Y i 


(8.4.7) 

(8.4.8) 

(8.4.9) 


Note that as in the case of the similarity equations for strong blast waves, a first 
integral can also be obtained from the quasi-similarity equations (i.e., Eqs 8.4.1-8.4. 3). 
Multiplying Eq 8.4.1 by [(</) — £)i/'']~ 1 and Eq 8.4.3 by [(0 — §)/] _1 and arranging the 
results: 


(<P ~ gX j+ 1 + Ai / = 

* (d>-?) H ’ 

f_ y(4> — %)' r(j+ i) +a 3 yJ_ 
















8.4 Quasi-similar Solution 


149 


Eliminating (cp — f) among the above expression yields 

f f , , , YjX2-jX\ n 

f f (<£-?) H 

which integrates to give the first integral as 

yx2(0 _ ^yx2-x\^YX2-x\ 


Fxi 


= CO7), 


(8.4.10) 


where 


Xi = YiJ+ i)- A3, 


X 2 = (/'+ 1 )- At. 


The constant of integration C(rj) can be evaluated at the shock front £ = I using the 
Rankine-Hugoniot relations (Eqs 8.2.10-8.2.12). The first integral given by Eq 8.4.10 
can be expressed in a more convenient form as 




where 3 = Akx 2 -x,) = 

X 2 2 + 1 -Ai 

Substituting Ai, A 3 from Eqs 8.4.4 and 8.4.6 we obtain 


S = 


4 6y( 


1 


2y-(y-l)>j (y-l)+2)j , 


O+O + 


49 ?; 


(y-t)+ 2 i? 

Using the Rankine-Hugoniot equations, Ci(??) can be found to be 


Ci(r,) = 


F(i) y 

/(i) 


y + i 


X — 1 + 2r] 


' /(/ + !) 

2y - (y - 1)^7 ’ 


(8.4.11) 


(8.4.12) 


(8.4.13) 


Note that, unlike the self-similar solutions for strong blast where 6 = — (Ad), no 
other integrals can be obtained from the quasi-similar equations. However, the first inte¬ 
gral (i.e., Eq 8.4.11 or 8.4.10) provides analytical expressions for the dependent vari¬ 
ables ip, <p, and /. 

Note that in the quasi-similar equations, the parameter 0 is as yet not known. Thus 
an additional equation for 6 is required. The energy integral given previously by 
Eq 8.2.8 is 


n /O'-00+O’ 


where I — 


and the dimensionless shock radius y is given by 


y = 
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An expression for 9(ri) can be obtained by differentiating the energy integral with 
respect to i], that is, 


dy 

'I 

1 

+y 

'1 d 1 

/ " 

di] 

_>1 

y(y-i)(/ +i)J 

. b d?7 

rj 2 _ 


= 0 , 


where 


dy 

d i] 


7+1 


Oij 


Solving for 0, we obtain 


(-+) (' - t) 


(8.4.14) 


where 


C = 


1 


y(y — i)(y + i) 

The quasi-similarity approximation can be used to evaluate the derivative of the 
integral / with respect to )?. However, the quasi-similarity approximation cannot be 
applied to a function which consists of the sum of two other functions (i.e., l(q) = 
I\iv) + To evaluate the derivative of /, we first write 

din/ 9 {dli d/ 2 ' 


where 


din ij 


y — 1 

\//(p 2 


f 7 d£, 

I'd?. 

Using the quasi-similar approximation, we now write 
din / 1 


d\ni] 


where 


Gi(n) 


Gi 0 ?) = 


-f 

m 

f 


drj dii 

f 


? 7 d? + G 2 {ii) / -^ 7 d§ 
Jo ^ 


y — 1 

(y -1)*? 


g 2 {v) = - 2 11 


2y - (y - i)?7 
1 


1 


e = 


(/ — 1) + 2)7 1 — rj 

Substituting the above equation into Eq 8.4.14, we obtain 
7 +i\/, Cr,\ L 1 / 


1 _ Cij 


1 

1 - - 
/ 


Gift) 


L 


0 y -1 


? 7 d? + G 2 (ji) +2_^d§ 


L 




(8.4.15) 
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The above equation can be used to determine the correct value of 9 by iteration. For 
example, to obtain the solution for a chosen value of the local Mach number (i.e., rf), a 
trial value of 9 is first chosen and the quasi-similar equations (i.e., Eqs 8.4.1-8.4. 3) are 
then integrated numerically. The Rankine-Hugoniot equations are used to determine 
the values of 0(1), 0( 1), and /(l) at the shock front £ = 1. From the solutions for 
0(f), /(f), 0(f), the value of the integrals /, I\, and h are then evaluated. A value of 
9 can then be obtained from Eq 8.4.15. The value for 9 from the energy integral is then 
compared to the assumed value. The procedure can be repeated using another trial value 
of 9 until the two values of 9 agree within a prescribed accuracy. 

Note that the solution must also satisfy the rear boundary condition at the center of 
symmetry, that is, zero particle velocity at r — 0, 0(0) = 0. This rear boundary condi¬ 
tion can also be used as a criterion for the iteration for the correct value of 9 instead of 
using the energy integral (i.e., Eq 8.4.8). Flowever, the profiles of 0(f), 0(f), and/(f) 
of the quasi-similar solutions are not valid for the entire range of 0 < f < 1. This is due 
to the fact that the quasi-similar solution does not satisfy the conservation of the total 
mass, that is, the mass integral. To demonstrate this, we first multiply Eq 8.4.1 by f 7 and 
re-arranging yields 

[0£ y '(0 - f)] + 0f J (j + 1 - Ai) = 0. 

Integrating the above equation gives 


l 


1 


0f 7 df = - 


0 ( 1 )( 0 ( 1 )~ 1 ) 
0 + !)- Ai(?7)’ 


(8.4.16) 


where 0(1) and 0(1) are values at the shock front f = 1 given by the Rankine-Hugoniot 
equations. The conservation of mass flux across the shock front gives 


PoR, = P\(&s - Ml), 


or 


0 ( 1)(1 - 0 ( 1 )) = 1 , 


where R s is the shock velocity. Thus Eq 8.4.16 becomes 

f 1 1 

/ 0f 7 df = -. 

Jo (/'+1)^07) 

The mass integral can be written as 

f Rs f 1 poR J s +1 ki 

/ p 0 kjr J dr=pR J s +l kj 0f 7 df = ———. 

Jo Jo J + 1 

Thus 

f 1 1 

/ 0f 7 df=— 

Jo 7+1 


(8.4.17) 


(8.4.18) 


which differs from Eq 8.4.17 based on the quasi-similar approximation. For strong 
shocks where p —»■ 0, Ai = ( —»■ 0 and Eq 8.4.17 reduces to 8.4.18. 
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However, for finite shock strengths, Eqs 8.4.17 and 8.4.18 are different. The dif¬ 
ference between them increases for decreasing shock strength M s . For example, for 
r] — 0.25 (M s = 2), the error can be as large as 50%. On the other hand, the expression 
for 6 from the energy integral (i.e., Eq 8.4. 15) is much less sensitive to the detailed flow 
distribution behind the shock. Thus for the iteration for 0, the energy integral should be 
used. 

When the value of 9 for a chosen local value of the shock Mach number has been 
obtained, the profiles 0(£), iHf)> /(£), and the energy integral / can be determined. 
Since the energy integral provides a relationship between the shock strength j; and the 

/ n \ 7+1 

shock radius y = I -f -) , the shock trajectory can be found from the definition 


R s = 


d^ 

d? ' 


with >-= or '. 


d R s = 


Rod}' 


W+O'H) 


and since — = M s — -V, we may write 

Co n 2 


cot _ f y y'ldy 

Ro Jo (/+ I)_y 7+ 


(8.4.19) 


Using the value of y(rj) obtained from the energy integral in the above equation yields 
the shock trajectory. The quasi-similar solution has been found to be quite accurate 
down to moderate shock strength where M s ~ 0[2]. 

A comparison of the shock decay coefficient 9 from the perturbation, quasi¬ 
similar and numerical solutions is shown in Fig. 8.4. The quasi-similar results were 
obtained by Lewis (1961) and the results for the perturbation solution is from 
Bach and Lee (1969). 

Oshima (1962) also suggested an alternate method of integrating the conserva¬ 
tion equations (Eqs 8.4.1-8.4. 3) by introducing two variables J(§) and defined 
by 


JG) = $-<!>, (8.4.20) 

*(S)= l-(f-d>) 2 ^. (8.4.21) 

yf 

Using Eqs 8.4.2 and 8.4.3, one obtains 

d»(d» - §)a 2 - £(a 3 - Y -f) 


Using the above equation for 0', differentiating Eqs 8.4.20 and 8.4.21 gives 


dJ 1 

— = A + — 
d§ K 



Q 

J 



(8.4.22) 





8.4 Quasi-similar Solution 


153 



Figure 8.4 A Comparison of the Shock Decay Coefficient 6 from the Perturbation, Quasi-Similar, 
and Numerical Solutions 


where 


(1 + rt)B 


1 ~ rj 
-(! + »?) 


A = 1 - A 2 = 1 
A 3 

B = A 2 - ~+j= . 

y L 1 - v 

—(1 + n) 

C = A 2 = 6. 

1 - T) 

From Eqs 8.4.1 and 8.4.3, one gets 


2 y-(y- 1)*7, 


e + j. 


1 


ifr' 

l/r (0-f) 


A M 

At - 0-— 


f 


1 




f W - $) 

Differentiating Eq 8.4.22 and using the above expressions and Eq 8.4.20, one obtains 
d K 1 -K 




J 


D-0- + 1)|-^ 


(8.4.23) 


where 

D = j(y + 1) + Ai - A 3 = j(y + 1) + e 


4 y 


41] 


2y — (y — 1)77 (y-l) + 2??_ 


Equations 8.4.20 and 8.4.21 constitute a pair of equations for the variables J($) and 
K (£) which can be integrated from the shock front £ = 1 to the center of symmetry 
where £ = 0. The boundary conditions for ./(1) and K(\ ) at the shock front can be 
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found from the Rankine-Hugoniot equations as 

y — 1 + 2/7 


J(l)= 1-0(1) = 
AT(1) = 1 - 


Y + 1 
(1 - <f>(l)) 2 f(l) 


Yf( 1) 


(y + 1)(1 — ?;) 
2 Y ~(Y ~ 1)'?’ 


(8.4.24) 

(8.4.25) 


At the center of symmetry, ? = 0,./(()) = 0, and K( 0) = 1. When /(?) and Ah?) are 
known, (/>(?), i/K?),./(?), and /(?) can be obtained from the basic equations and the 
first integral. The procedure for the solution is to choose a value of 0 and Eqs 8.4.20 
and 8.4.21 are integrated numerically from the shock front ? = I to ? = 0. The desired 
value of 6 is obtained by iteration to satisfy the rear boundary condition at ? =0, that 
is, 7(0) = 0 and K( 0) = 1. For strong shocks where rj <£ 1, this method of solution 
gives accurate results. Flowever, at low shock strengths, that is, i/ ~ 1, the results are in 
error since the quasi-similar approximation does not satisfy the conservation of mass. 
Thus the energy integral should be used as the criterion for the iteration of the correct 
solution. Figure 8.4 compares the decay coefficient obtained from perturbation, quasi¬ 
similar, and numerical solutions. 

In terms of the variables ./(?) and AT?), Oshima noted that the solution is closely 
approximated by 


J(?) = a? + /r, 


(8.4.26) 


where a, f J >, and n can be obtained as 

A + B 


7+1’ 

= J(l)-a, 

= [(+) 

LU/ 5 _, 


3-1 


A, B, and J( 1) are given by Eqs 8.4.22 and 8.4.24 and can be calculated 

from Eq 8.4.22 using the boundary conditions at ? = 1. Substituting Eq 8.4.26 into the 
differential equations for Af(?), that is, Eq 8.4.23, we can obtain the solution for A"(?) as 


K(%)= 1 - (1 -K(l) 


A$) \ 

jw) 


y+ 


i-y'O- 1 )- 


Once /(?) and Af(?) are found, i jr (?) and /(?) can be obtained, that is, 


Vr(?) = i/Tl) 


/(?) = /(l)l 


(AST 

A!-O+l) 

V «(»-l) 

VO), 

) 

^(£)\ 

a 3 -/0+i) 

«(«-!) 

VO)/ 





? «(»-!) 


(8.4.27) 

(8.4.28) 

(8.4.29) 


From the definition of T(?), we can find 0(?) as 


(8.4.30) 


<K?) = ? -/(?) = ?(! -a) + ft n . 
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8.5 


With i/K£), </>(£), /(£) known, the integral I can be evaluated, and the shock radius 
y — (f^) i+I can be obtained. With y(j)) known the shock trajectory can also be deter¬ 
mined, that is, 

cot _ C y i]idy 

R o Jo (/+I)y7+r 

The perturbation solution is very accurate for strong shocks where r] <^. 1 but 
becomes less so for moderate strength shocks. Thus quasi-similar solution is good for 
moderate strength shocks but not good for strong blasts where the quasi-similar approx¬ 
imation fails. Both methods fail for weak shock when rj —> 1. 


Integral Method 


An integral method for finite strength blast waves was developed by Bach and Lee (Bach 
and Lee 1970). The method is in the same spirit as the integral method in laminar 
boundary layer theory, where the profile of one of the dependent variables is assumed. 
In the continuity equation for non-steady one-dimensional flow, there are two dependent 
variables: the density and the particle velocity. Thus if the profile for one variable is 
assumed the other is obtained by integrating the continuity equation. With the density 
and particle velocity profiles known, the pressure profile can then be obtained from 
the momentum equation. With the form for the three profiles determined, the energy 
integral then provides an equation for determining the shock decay law. The density 
profile behind a blast wave can be closely approximated by a simple power law which 
does not vary much with the shock Mach number when the shock wave is strong. Thus 
it is more appropriate to assume the profile for the density distribution and obtain the 
particle velocity by integrating the continuity equation. To illustrate the method, we 
shall consider first the case of a strong blast and we also use the dimensional form of 
the Euler equations. 

From the self-similar solution for strong blast waves, we note that the density profile 
can accurately be approximated by a simple power law of the following form, 


(8.5.1) 


Pi 1 y 


where p\ is the density at the shock front r = R s . The exponent q can be obtained from 
the mass integral, that is, 

f R ’ . f R < . poR j s +l k, 

/ pkjr J &r= I pakjr J &r =— ; --—, 

Jo Jo 7+1 

and substituting the density profile given by Eq 8.5.1 into the above equation yields 


i-ijj-ncz+u. 


(8.5.2) 
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For strong shocks where ^ = ^y, Eq 8.5.2 gives 

q = — 2 —r (./ + !)■ 
Y ~ 1 


(8.5.3) 


Since y — 0[ I ], q in general is large, that is, q 1. For example, for y — 1.4, q ~ 15 
for spherical blast waves (J = 2). Thus the density profile is very steep and the mass 
swept by the shock is concentrated near the shock front. 

The continuity equation is given by 


d P 


du dp jpu 


-h p- b u - 

dt dr dr 


= 0, 


and substituting the density profile into the above equation yields the following ordinary 
differential equation for the particle velocity, that is, 


du 

dr 


u R s 

+ (j + q)~ =q—- 
r R, 


The above equation can be arranged as follows using the integrating factors r j+q , 
that is, 


d 

dr 


( ur J+q ) 


r j+q qR s 

R s 


Integrating the above yields the particle velocity profile as 


u q I r 

Rs q + j + 1 \R S 

With q given by Eq 8.5.3, the above equation becomes 


u 

X 


—f-V 

y + l \rJ 


For strong shocks for which, 

u\ 2 

X - TTr 

we obtain 


it = U\ 



Thus for a power law density profile, the velocity profile is linear in accord with the 
self-similar solution for strong blasts. 

The momentum equation is given by 


du 

Tt 


du 1 dp 

u — - 

3r p dr 


and substituting the density and velocity profile into the above equation yields 

dp = /'-Vf 2 R] 2 R / 2 \ 2 R 2 / 

dr Pl \Rs) y + \ R] y + 1 r/ V/ + V X ’ 
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Integrating the above equation yields 

2p 0 R 2 s 


P(f, t ) - /7(0, t) = 


(y - !)(<? + 2 ) 


1-9 


y + i 



where />(0, t ) can be evaluated using the boundary condition at the shock front r = R s 
for which p\ = p 0 R a s (j. Doing so, the pressure profile can be obtained as 


p(r, t) = 



PoR 2 s 



( y + 1 
Vk -1 


1 

(9 + 2 ) 


(l-0 + 



(8.5.4) 


In the above equation, the shock decay coefficient 9 is defined by 


9 = 



Thus, unlike the density and the velocity profile which are completely determined, 
the pressure profile contains the unknown shock decay coefficient 9. However, from 
dimensional considerations of the energy integral for a strong blast, 9 can be determined 
as 


7+1 

2 


corresponding to a shock trajectory R s = At N with N = y+-. The energy integral also 
provides the dependence of the shock strength on the shock radius, that is, 


where 


R 2 . = 


Eo 

Pokjl) Ri +l 


(8.5.5) 



(8.5.6) 


and i/f=+,0 = |-,/= £ = y- With the density, velocity, and pressure pro¬ 

file known (i.e., Eqs 8.5.1, 8.5.3, and 8.5.4), the integral / can be found, and thus 
the complete solution is determined. The approximate solution described above is 
remarkably accurate when compared to the exact self-similar solution for strong blast 
waves. 

The methodology described above for strong shocks can readily be extended to 
finite strength shock waves. Using now the non-dimensional equations in blast wave 
coordinates, the density profile is written as 


1 /r(§, t]) — t/t(1, r] 


(8.5.7) 


where the exponent q from the mass integral is obtained as 

q(p) = (/+ IHVKl, ri)-l). 


(8.5.8) 
















158 


Non-similar Solutions for Finite Strength Blast Waves 


where 0(1, 77 ) is given by the Rankine-Hugoniot equations as 

y + 1 


0 ( 1 - 77 ) = 


(Y - l) + 2 r?' 


(8.5.9) 


Substituting the density profile into the continuity equation in blast wave coordinates 
below, that is, 

, , fr ,30 , , 30 , 700 ~ Q 30 

(0 - + 0+r + 7 . = 207? — , 

3 ? 3 ? f ori 


we obtain 


,0 


20?? d0(l, 7l) 

(l + (y + l)0(l,77)lnf)-^ 


-h (j + q)— = q . 

9? f 0 ( 1,9) 


The above equation can be integrated to yield 

0 ( 1 . 0 ) = 0 ( 1 , 0 )f(l - ©Inf), 


d?7 


(8.5.10) 


where 

—207; d 0 (l, 77 ) 

0(1-'7)0(1, 0 ) d?7 


For strong shocks where M s -> 00 and 77 0, Eq 8.5.10 reduces to the linear velocity 

profile given previously by Eq 8.5.3. Note that, unlike the solution for strong shocks, 
the velocity profile (Eq 8.5.10) now contains the parameter 0 ( 77 ) which is, as yet, not 
known. 

Substituting the density and velocity profiles into the momentum equation below, 


(0-f) 


3 4> 

¥ 


J_ 3/ 
is 3 f 



The pressure profile can be obtained as 


/(b-f) = 


-f 


2077f 


d 0 (l. 77 ) 

d?7 


d 

d?7 


(0(1, 7?)©)Inf 


+ (0-f)0(l, 77)(1-0(1+ Inf)) +00 


0(1, Tj^df + C(77), 


where C(rj) is a constant of integration and can be evaluated using the boundary condi¬ 
tion at the shock front f = 1 , that is, 


/(l, h) = 


2 y — 1 

7TT - K(K + 1)' 7 ' 


(8.5.11) 


Carrying out the integration and evaluating the constant of integration, the pressure 
profile can be written as 


/(f, 77 ) = /( 1 , 77 ) + / 2 (f ?+2 - 1 ) + h {H q+ \{q + 2 )Inf - 1 ] + 1 } 

+ {2 — f ?+2 \{q + 2 ) 2 Inf 2 — 2{q + 2)lnf + 2]} , (8.5.12) 
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where /(1, q) is the boundary condition at the shock given by Eq 8.5.11, and the func¬ 
tions and fy are defined below 


fi = 


Vf(l, q) 


h = 


q + 2 

0(i, q) ~ 2)? 

i/f(l, q) 


(1 - ©) {0(1, r?) - 0 2 (1, r?)} 

d</>(i, q) ’ 


d;? 


6> 


©0(1, q) - 2;? —[©0(1, ??)] 
d)] 


/4 = 


(? + 2) 2 L 

- ©0(1, rj) - © 2 0 2 ( 1, /?) + 2©0 2 (1, q) 

© 2 0 2 ( 1, b)0U, y?) 

(9 + 2) 3 


The density and velocity at the shock front £ = 1 are given by the Rankine-Hugoniot 
equations, 


0(1, q) = 


Y + 1 


0(1, q) = 


y - 1+2)0 r ' y + 1 

For strong shocks where q — 0, the pressure profile reduces to 


(1 - q\ 


m = /(l, 0) + Vf(1,0 ^ 1 ’ 0) (1 - 0(1,0) - 9) (r+ 2 - i), 
q + 2 

with 

0(l,O)=^j, 0(1, 0) = —= /(l, 0). 

y - i / + i 

In dimensional form the above equation is identical to Eq 8.5.4 obtained previously. 

To complete the solution, we need to find 0(q) and this is obtained from the energy 
integral which is given previously as 


with 



1 


YiY~ 1)0+1) 
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Substituting the profiles for i/r(§, rj), </>(£, rj ), and f($, rj) and solving for we 


(v-W + i) 


obtain 



d 0 1 

d)? 2 r\ 

(A + 4/y) 

(0 + 1 - 20 ( 1 , A- ' 

Y + 1 


0 ( 1 , 0 )- 

(A +4??) 2 1 

] (A+4/?) 


40y(y + l)J 

j 8 / 7 2 (y + l) 


(A +4ri)<j)(l, r)) 0(1, ii)(y + 1) (y - 1)(/' + l)(y + 1) 2 ' 

+ 2(j\ + 1 ) H-—- <p ( 1 , >l) 


00 ( 1 , rj) 


29 


■20 


2 + (y — 1)Q~ + 1) 
A + 4); 


(8.5.13) 


where A = y (/ + 3) + (J — 1). In Eq 8.5.13, the shock radius y appears. Thus an addi¬ 
tional equation for y is required. This equation can be obtained from the definition of 

y = ■ Using the identity R s ^~ = — 29 rj we obtain 


= f j + 1 \ y_ 

d?7 \ 2 J 0i]' 


(8.5.14) 


Equations 8.5.13 and 8.5.14 are integrated simultaneously with the initial condition 
0(0) = Oo = — j ~y~ andy(0) = 0. However, we note that both ^ and ^ are singular at 
ri = 0. Thus we must seek solutions for 0(rj) and y(j]) in the neighborhood of ij = 0, 
that is, 


0(n) = 00 + 0i?7 + e 2 rf H- 

ytn)=y\9 +T 2 »? 2 h— 

Substituting the expressions above into the differential equations for 9(r]) and y(ii), 
the coefficients 0o, 9\, &i,y\,yi, etc., can be obtained as 


9q = — 


A 1 ), 

0q 

01 = -f 

c 2 

+ 2 +A0o+ 7T 

+ —1 

V 2 ; 

Cl 

0o 

Ti0o J 


02 = 0,1 


1 /Ci (9 , 2 C 2 0i 

A, + iB t -m + B A + -[-y- — +c , ryiea 


C, + 


2yi/' 


03 = 06 


(B l — 2)0 2 + B 2 9\ + B^Oq 
20102 9 ' 


Ci 


0q 3 J 


a 


7 o °o 


C 3 0i 


\h 


+ C 4 /0o 


E\0\02 A 02 


30 2 


20o 


| j Ti0o 


2 E x 
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and 


-A 


y i = 


Cj + A\t 


72 = 


y\0\ 


73 = y i 


t V 
20 o . 


74 = 7i 


70102 30J 5 


20 o 2 




-DA 


In the above expressions, the A's, B's, C's, etc. are given by 

A 


A = 


+3 = 


40 + 1)’ 

[i — (y — DO + i)] 


^ 1 [2 + Q — l)Q’ + l)] 

2 2 + (y + 1 ) 


3A+4 

40 + 1)’ 


7 + 1 


1 

B i = —, 
2 


A = 


2[2 + (7 — 1)Q +1)] 
A 


A = 

Ci = 

C 2 = 

c 3 = 
c 4 = 


8 [2 + (7 — do +1)] 

A [A +7(7 + 1)] 

4(7 + l) 2 

{-O? + A[6 _ (y _ i )(2 y + 1)] + 4/(7 ~ 1)1 
4(y + l) 2 

{A[-6 + (7 - 1)0 + 1)] + 4[2 — (y - 1 )(2/ + 1)]} 


4(y + 1 ) 2 


[ 2 - (y- 1 ) 0 + 1 )] 
(7+l ) 2 

A = 70 + 3) + 0 — !)• 

[( 7 -1)0+1)C?] 


E 1 = - 
E 2 = — 

A = ~ 


8(7+1) 
0-1)0+l)A 
(7 + 1) 

2Q-D0+1) 

7+1 


Given values for y and j, the perturbation coefficients 0o, 0i, 0 2 ,..., 71 , 72 , 73 ,.. • can be 
computed from the expressions given above. Thus, the starting values for the integration 
ofEqs 8.5.13 and 8.5.14 can be obtained. 

The shock trajectory R s (t) can be obtained from the definition 

d/+ 


R,= 


dt 
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which can be written in terms of y and rj as 

cot 1 r' 7 j^7+r d?7 

*0 2 Jo Qfj I 


(8.5.15) 


The above equation is integrated simultaneously with Eqs 
values of rj, the shock trajectory can be obtained as 

T 2 i] 2 


.5.13 and 8.5.14. For small 


— = 2yi 

A> ' 


— /'+3 
J+l n 2j+l 


1 


T\r) 


TW 


j + 3 3/- 5 5/- 7 1 j + 9 


(8.5.16) 


The coefficients in the above expression are given by 


yi(j + 2) 
TtO'+l)’ 


Ti = (2/ + 3) 


T3 

Ti 


jyj 

2(j + 1) v j 


1 A +1) ’ 


/ 3J + 4 \ |y4 _ J>2T3 j(2j + 1)^2 ] 

V j + 1 / 1 Vi + 1) 6^(J + l) 2 J 


where the Vs are as given previously. 

Although the integral method described in this section appears to be complicated, it 
is in fact quite straight-forward since the long algebraic expressions need to be deter¬ 
mined only once. The integral method satisfies the conservation integrals, that is, mass 
and energy integrals. The differential equations for mass and momentum are also sat¬ 
isfied. However, the differential equation for the conservation of energy is not satisfied 
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Figure 8.6 A Comparison of the Variation of the Shock Strength 

although the energy integral is satisfied. It is well known that blast wave decay depends 
on the averaged energy density behind the shock, and is not sensitive to the details of 
the energy profile. As long as the global conservation of energy (that is, energy integral) 
is satisfied, the blast wave decay could be determined. 

A comparison of the shock decay coefficient with various non-similar methods and 
numerical solution is illustrated in Fig. 8.5 for a spherical blast (y = 1.4). The variation 
of the shock strength ii with shock radius ^ is shown in Fig. 8.6. 




9 Implosions 


9.1 


Introduction 


In an explosion, the blast wave expands and decays as the shocked volume increases and 
the energy density decreases. In an implosion, the shock wave converges and the shock 
amplifies. Self-similar solutions exist for strong converging shock waves when the shock 
radius becomes small compared to the initial radius of the shock. The validity of the self¬ 


similar solution is also limited to a small region of flow behind the shock since the rest 


of the flow field retains the initial non-similar motion. Thus the solution for implosion 
is an asymptotic self-similar solution when the initial non-similar motion is “forgotten” 
as the shock approaches the center of symmetry. The propagation of a shock wave in a 
decreasing density medium is similar to the implosion problem. There, the amplification 
of the shock is a result of the increase in the energy density due to decreasing mass ahead 
of the shock. The self-similar solution for converging shock waves differs from that for 
explosions in that the time exponent of the shock trajectory cannot be determined a 
priori from dimensional considerations of the energy integral. The time exponent is 
determined by seeking a solution that is continuous at the singularities in the flow field. 
Self-similar solutions of this type are referred to as “similarity solutions of the second 
class” by Zel’dovich and Raizer (1966). 


9.2 Implosions 


Consider a spherical or cylindrical shock wave initiated at some initial radius Rj. When 
the shock radius R s R h there is no longer a characteristic length scale in the problem 
and hence the motion becomes self similar. We also require that the flow field be limited 
to a radius r ~ R s which is small compared to the initial radius R,. 

Assuming a strong shock, the basic conservation equation in non-dimensional blast 
wave variables <p, /, i fr, £ can be written as 



(9.2.1) 


(9.2.2) 


(9.2.3) 
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where 0 = f 0 = +, / = and the similarity variable £ = J 1 . The prime super¬ 
script denotes differentiation with respect to The parameter 6 in the above equations 
is defined as 

R,R S 

0 = -4-4 (9.2.4) 

Rl 

and, for a self-similar solution to be valid, 6 = constant. Integrating Eq 9.2.4 gives 

R s = - CR 0 S , (9.2.5) 

where the negative sign is chosen for implosion since R s increases for decreasing shock 
radius R s . Integrating Eq 9.2.5 gives the shock trajectory 

R s = A (- 4 ) , (9.2.6) 


with 


N = 


1 

i -e 


or 



(9.2.7) 


In Eq 9.2.6, we have chosen R s = 0 when t — 0. Thus the implosion process occurs 
at negative times and increases to zero as the shock reaches the center of symmetry. 
Solving for the derivatives \jr', 0', /' from Eqs 9.2.1-9.2.3, we write 


0 ' = 
/' = 
0 ' = 


(26f +4^)1- 00(0 -$) 

(0-£) 2 ~f 
- 0 ( 00 + ( 0 -£) 0 '), 

( 00 ' + 

( 0 -|) ’ 


(9.2.8) 

(9.2.9) 

(9.2.10) 


where for convenience we have expressed /' and 0' in terms of 0'. Prior to the integra¬ 
tion of the similarity equations (i.e., Eqs 9.2.8-9.2.10) the value of 6 must be known. 

Unlike the explosion problem, the energy integral cannot be used since it extends to 
the non-similar region where the initial conditions dominate and the self-similar solution 
is not valid there. 

To determine the value of 6, we must examine the self-similar flow field described by 
Eqs 9 . 2 . 8 - 9 . 2 . 10 . We note that there exists three singularities f = 0 , (0 — §) = 0 , and 
(0 — |) 2 — f = 0. | = 0 corresponds to the center of symmetry, (0 — £) = 0 corre¬ 
sponds to an interface or piston surface. (0 — f ) 2 — f = 0 is when a constant £ line 
coincdes with one of the physical characteristics ^ = u ± c and is generally referred 
to as sonic singularity. It is the relevant singularity we must consider in the implosion 
problem. To demonstrate this, we note that for a constant £ line, that is, 

r 

£ = — = constant, 

R s 


thus % =R£ or § = 


1 dr 
R s df ’ 
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Figure 9.1 Physical Characteristics and Constant | Lines 


The singularity (0 — £) 2 — ^ = 0 gives § = (f> ± J which in dimensional vari¬ 
ables give ^ = u ± c since c 2 = ^. Thus the singularity (0 — £ ) 2 — ^ = 0 corre¬ 
sponds to the coincidence of a constant f line with the physical characteristics ^ = 
u ± c. For the case of implosion, this is illustrated in Fig. 9.1. 

In the flow region bounded by 1 < £ < £*, the C~ characteristic ^ = —u — c = 
—(w + c) catches up with the shock front f = 1 and reflects off as a C + : ^ = —u + c = 
—(u — c). The singularity at £ = f * where (0* — f*) 2 — = 0 coincides with a C - 

characteristic which arrives at r = 0 at the same time as the shock as shown in Fig. 9.1 . 
In the region £ > §*, disturbances cannot influence the shock motion and thus the flow 
there may be non-similar. The self-similar region is bounded by 1 < £ < %*. Since 
information from the non-self-similar region f > §* cannot transmit to the self-similar 
region £ < £*, it seems logical that the solutions for the two regions 1 < £ < £* and 
£ > £ * must match along their common boundary £ = £*. From physical considera¬ 
tions, the criterion for determining an acceptable solution is to guarantee the matching 
of the solutions at £ = £*.In other words, the value of 6 (or equivalently the time expo¬ 
nent N) must be so chosen that the solution is continuous across the §* boundary. It 
should be noted that the solution determined in this manner is independent of the ini¬ 
tial conditions of the problem. The existence of the boundary essentially isolates the 
region behind the shock from the rest of the flow field. Thus self-similar solutions can 
evolve asymptotically from some non-similar initial flow. 

From Eq 9.2.8, we see that when the denominator (0* — £*) 2 — ^—» 0, we must 
require the numerator to vanish simultaneously. Thus 


(lOf* + 


Yjf*<t> \ 

) 


i_ _ erw* - n -* 0, 


and solving for 9, we get 


9 = 


Yjf *0* 

0 *( 0 *_|*)_ Ml' 


(9.2.11) 


where the asterisk superscript represents the condition at the singularity § = £*. Note 
that, if Eq 9.2.11 is satisfied, f and 0' will also be finite at £ = f *. Thus, the method 








9.3 Solution in the State Plane 


167 


Table 9.1 Spherical Shocks 


Y 

e 

N 

IV (Butler) 

IV(Welsh) 

1.2 

-0.320757 

0.757142 

0.757142 

0.757142 

1.4 

-0.394361 

0.717174 

0.717173 

0.717174 

5/3 

-0.452692 

0.688377 

0.688377 

0.688377 

3 

-0.571314 

0.636410 


0.636411 


of solution for the implosion problem consists of integrating the similarity equations at 
the shock front, f = 1, using the strong shock condition 

lKl)=^j, 0(1) = /(!)= (9.2.12) 

Y ~ 1 Y + 1 

using a trial value of 0. The correct solution is obtained when the value of 6 satisfies 
the regularity condition given by Eq 9.2.11 at the singularity i-*. The values for 6 (and 
the time exponent N) for spherical and cylindrical converging strong shock waves for 
various values of y are given in Tables 9.1 and 9.2. For comparison, the values obtained 
by Butler (1954) and Welsh (1966) are also shown. 


Solution in the State Plane 


Instead of the simultaneous integration of the three similarity equations (i.e., Eqs 9.2.8— 
9.2.10) for the variables 0, </>, and /, it is more convenient to combine the three equa¬ 
tions to obtain a single equation using state variables Z and V defined as 


Z 

V 


N^y£ 

H 2 0 ’ 
N<p 

T' 


(9.3.1) 

(9.3.2) 


Since c 2 = ™ — R 2 and u = R s (p, the variables Z and V denote the sound speed 
and the particle velocity, which are the state variables of the gas. From Eqs 9.3.1 and 
9.3.2, we write 


dZ _ df d0 2 d£ 

~z~T~T~ 2 T' 

dV _ d</> dt; 

T-J-T 


(9.3.3) 

(9.3.4) 


Table 9.2 Cylindrical Shocks 


Y 

e 

N 

IV (Butler) 

IV(Welsh) 

1.2 

-0.161221 

0.861163 

0.861163 

0.861163 

1.4 

-0.197143 

0.835322 

0.835217 

0.835323 

5/3 

-0.226054 

0.815625 

0.815625 

0.688377 

3 

-0.289214 

0.775666 


0.775667 
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Using Eqs 9.3.1-9.3.4, the similarity equations (i.e., Eqs 9.2.1-9.2. 3) can be written 


as 


(V-N)) 

Z d\nx[r 
V din F 

(V-N)) 


d In i lr Vd In ? 

+ C/ + 1)- 


din F 


din F 


F = 0, 


2Z \ din? Z 

— + F(F-1) ——+ - 


dlnZ 


Z 

dlni/r 
din F 


/ d In o y d In F 
din? 


+ [2(F — 1) + y F(y + 1)] 


din F 


+ F(F-TV) = 0, 


+ (F — iV) 


dlnZ 
din F + 


(9.3.5) 

(9.3.6) 

yV = 0. 

(9.3.7) 


Solving for the derivatives y^y, jjjp, and ^y from the above equations, we get 


(V-N) j ,. t 

jy cl In Z 

V dlnV 


[(F - ^V) 2 - Z] [2 - (2 + (j + 1 )(y - 1)F)] 


'[^(7+D 


;G-N) 


V(V — \)(V -N) 


(y-i). (9-3.8) 


din 0 
din F 


din? 

dlnF 


-F V(V-N)(V- l)-0'+ l)« / (F-iV) 2 + f (1 — JV) 
(F — AO F(F- l)(F-TV)-z[V(/'+l)- 3(1 — TV) 

V(Z-(V -N) 2 ) 

V(V - 1)(F — N) — Z [(7 + 1)F - 3(1 - TV)" ' 


(9.3.9) 

(9.3.10) 


From Eqs 9.3.9 and 9.3.10, we may eliminate dIn V and write 
din 0(F — TV) -F(7+l) 
din? ~ F -TV 


(9.3.11) 


Instead of integrating simultaneously Eqs 9.2.8-9.2.10, we may now integrate 
Eq 9.3.8 and once the solution for Z(F) is obtained, then 0(?) and F(?) can be found 
from Eqs 9.3.10 and 9.3.11. The pressure distribution /(?) and the particle velocity 
</>(?) can be obtained from the definition of Z and F (i.e., Eqs 9.3.1 and 9.3.2). It should 
be noted that a single integral curve Z(F) represents the complete solution. Thus it is 
sometimes more convenient to study the mathematical properties of a solution if we use 
the (Z, F) coordinates. 

The singularities of the similarity equations correspond to the following in Z, F 
coordinates, that is, 


$ = 0, 
(4>-S) = 0 
, yf 

(0 - ?) 2 - = 0 

The strong shock conditions are given by 

2N 

V(l) = 

Z( 1) = 


y + i 

2yTV 2 (y - 1) 

(y + i) 2 


(V — N) = 0, 

(F -TV) 2 -Z= 0. 


= yF(l)(A r — F (1)). 


(9.3.12) 

(9.3.13) 

(9.3.14) 

(9.3.15) 

(9.3.16) 
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Thus the strong shock condition is represented by the parabola given by Eq 9.3.16. 
The sonic singularity is represented by the parabola Z = (V — .V) 2 - The regularity 
condition given by Eq 9.2.11 can be expressed in (Z, V) coordinates as 

V(V — l)(V-N) 


Z = 


(J+ IF - §(1 -N) 


(9.3.17) 


Equating the value of Z in Eqs 9.3.14 and 9.3.17 gives a quadratic equation for V 
whose solution is given by 

± ~Ja 2 - 4yS 


where 


V = 




(9.3.18) 


2N(l-N) 

yj 

The integral curve for converging shocks starts at the shock front £ = 1 

2yN\y - 1) 


and 


Zi = 
Ei = 


(K+l ) 2 

2 N 


(9.3.19) 


Z + l 


and terminates at § 0 where Z —*■ 0, E -> 0. The correct value of the time exponent 

N must be such that the regularity condition Eq 9.3.17 is satisfied at the singularity 
(Eq 9.3.14), that is, at the intersection of the two parabolas given by Eqs 9.3.14 and 
9.3.17. The two roots of Eq 9.3.18 correspond to the intersection of the parabolas rep¬ 
resenting the singularity and the regularity conditions (Eqs 9.3.14 and 9.3.17). A sketch 
of the implosion solution in the Z( V) plane is shown in Fig. 9.2. The correct solution is 
obtained by iteration for the value of N such that the integral curve passes through the 
intersection of the singularity and regularity parabolas shown in Fig. 9.2. 


Shock Propagation in a Non-uniform Density Medium 

We consider the density po to vary as a power law of distance from the origin, that is, 
Po = Bx s where B and 8 are positive constants. We assume the shock to start at some 
initial value of Xq and propagate toward x = 0, as illustrated in Fig. 9.3. 

The basic conservation equations in planar geometry are given by 
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When the shock is near the center, that is, X s <<C X 0 and for a region x << X (h there 
are no characteristic length scales in the problem, and self-similar solution exists if the 
shock wave is strong. Using the continuity equation (Eq 9.4.1) to eliminate the density 
in the energy equation (Eq 9.4.3), we obtain 

/ 9 9 \ du 

{Y, +, r,) p+rr ’T x =<> ' (9A4) 

Defining the following non-dimensional variables as we have done earlier 


P = PoVKf) 
u=X s <t>(£) 

p = Po x s 2 m 


(9.4.5) 



Figure 9.3 Shock Propagating Toward x = 0 
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where £ = J-, Eqs 9.4.1, 9.4.2, and 9.4.4 transform to the following 


di lr d0 

(0 - %)-tt + 0-7- + 50 = 0, 
d§ d£ 

(9.4.6) 

d0 Id/ 

0-?Hj+y^+00 = °, 
d£ 0 d£ 

(9.4.7) 

df d 0 

(0 - H)^r + Yf ~rz + (20 + S)f = 0, 
d£ d§ 

(9.4.8) 


where 0 = . We have also referenced the initial density distribution with respect to 

the shock position, that is, po = BX*. 

For self-similar solution, 0 has to be a constant and solving for the shock velocity, we 
get 


X s = -cx s 0 , (9.4.9) 

where we have taken a negative sign since X s is negative when the shock advances in 
the direction of decreasing^. Integrating Eq 9.4.9 gives the shock trajectory 

= A(-t) ra = A(-tf, (9.4.10) 


where N — y^j or 6 — . As in the case of implosion, the time exponent N and the 

constant A cannot be determined from the energy integral as in the classical blast wave 
problem because the integral diverges. The value of 0 or N is determined by seeking 
a solution that is regular at the singularity of the similarity equations. The constant 
A, however, has to be determined from matching the similarity solution with initial 
conditions. Since the initial motion is non-similar, it has to be determined numerically. 

To facilitate the numerical integration of the similarity equations, the derivatives 
g|, and ^ are first determined from Eqs 9.4.6-9.4.8. Doing so, we obtain 

d0 (,P - £)[000 - (0 - £)S0] ~ [20 ~ (y ~ l)S]f 

(*-*)[(*-*)*-¥] ’ 


d (p (20 + <5)0 —(</> — §)00 

dF = (0-|) 2 -f 

d/_ y/00-(0-g)(20 + 5)/ 

^ (0-f) 2 ~f 


(9.4.12) 

(9.4.13) 


The boundary conditions at the shock front £ = 1 are given by the strong shock rela¬ 
tionships 

0(1) 0(1) = /(1)=-^-. (9.4.14) 

Y — 1 Y + 1 

To integrate Eqs 9.4.11-9.4.13, a trial value of 0 is first chosen and the equa¬ 
tions are then integrated numerically in the range 1 < £ < oo. The singularity 
(0 — | ) 2 — = 0 will be encountered and the value of 0 will be determined by 
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Table 9.3 Values of N 


8 

Y = 5/3 

II 

■-J 

Y = 6/5 

3.25 

0.590 



2 

0.696 

0.718 

0.752 

1 

0.816 

0.831 

0.855 

0.5 

0.817 

0.906 

0.920 


iteration until the solution is regular at the singularity. At the singularity when the 
denominator of Eqs 9.4.11-9.4.13 vanish, we require the numerators to vanish simulta¬ 
neously also, that is, 

(</> - S)[ew - (0 - Wf] -[26-(y-\ )8]f -* 0, 

/ 

C 20 + 8 )- - (</> - £)<90 -* 0, 

yf 9( f ) - (< P- m 0 + 8)f^O. 

Using the condition (</> — £) 2 
if 

9 

The values of N for various values of y and 8 are given in Table 9.3. 

As X —> 0, | —> oo and the limiting form of the solution for large values of £ can be 
obtained from Eqs 9.4.11 to 9.4.13 as 

In terms of the dimensional variables, the above equation can be expressed as 

p = p 0 f ~ x s , 
u — X s (p ~ —x e , 

P = PoX s 2 f ~ x le+& . 

Thus as X s -> 0, the density distribution is proportional to the original density profile 
po ~ X s . The particle velocity u tends to infinity as x —> 0 since 9 < 0. The pressure 
approaches zero as x —> 0 since in general 26 + 8 > 0. 

Similar to the implosion problem, the state variables Z, V can also be used, 
which reduces the integration to one equation for Z(V). Once a solution for Z( V ) is 
obtained, the other variables t/r and cp can be determined by integrating the appropriate 
equations. 


— yJr = 0, it is found that all the numerators vanish 


Sf 


(<P - H)4>t - 2/ 


(9.4.15) 
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9.5 


The Sharp Blow Problem 


The solutions for both the implosion and the shock propagation into a non-uniform 
density medium problem are asymptotic self-similar solutions that are valid only in the 
region in the vicinity of the shock front. The existence of the singular characteristic 
divides the flow field preventing one region of the flow field from influencing the other. 

Hence, a non-similar region of the flow field can be isolated from a self-similar region 
by the singular characteristic. An initially non-similar flow may become self similar 
asymptotically. Thus we say that the asymptotic self-similar solution is not uniformly 
valid. An excellent illustration of how an asymptotic self-similar solution becomes prob¬ 
lematic when used to describe the entire flow field can be illustrated by the so-called 
“sharp blow problem” discussed in detail by ZeTdovich (1956). 

Consider a gas occupying the positive half space x > 0 and a vacuum is in the neg¬ 
ative half space x < 0. A finite energy per unit area, Eq, is deposited instantaneously 
at the interface x — 0 at / = 0 generating a strong shock wave that propagates to the 
right. Since the energy is released in a vanishingly small volume, the temperature (hence 
sound speed) is infinite at x = 0, and hence the escape front will propagate at infinite 
speed to the left for t > 0. The flow field is bounded by the shock and the escape front, 
that is, —oo < x < x s . The problem is almost the same as the strong planar blast prob¬ 
lem where a similarity solution exists. The similarity equations for planar motion are 
given by 

(0 - W + 00' = 0, (9.5.1) 

(0 - £)0'+ 00 + |/'= 0, (9.5.2) 

0 

(0-$)/ + y/0' + 20/=O, (9.5.3) 


where 0 = |-, 0 = — ,/ = and the primed quantities denote derivatives with 

respect to % = — . For a self-similar solution, 6 = and corresponds to a power law 
shock trajectory x s — At N where 9 = or N — ^_ n , and 9 — constant. 

Solving for the derivatives 0', 0', f give 


-20/+(0-g)000 

( 0 - f )[( 0-?) 2 -r£ 


/' = 
/' = 


-(0-f)00 + 

—(0 ~ % )20/ + /0/0 


(9.5.4) 

(9.5.5) 

(9.5.6) 


Equations 9.5.4-9.5.6 can be integrated with the boundary condition at the shock 
front % = 1, that is, 0(1) = 0(1) = /(1) = ^y, if the value of 0 is known. 

Following the classical strong blast problem, we write the energy integral, as 
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Table 9.4 Values of 6 and N for Different 
Values of y 


r 

9 

N 

t 

-1.00 

0.5 

1.4 

-0.667 

0.6 

1.666 

-0.637 

0.6107 

3 

-0.5949 

0.627 

7 

-0.5723 

0.636 

OO 

-0.5576 

0.642 


In the strong blast problem, the flow field is bounded by 0 < £ < 1, whereas in the 
present problem, —oo < § < 1. If the solutions for 0(£), </>(£), and /(§) are continuous 
and a finite value for the energy integral is obtained, then x*x s must not be explicitly 
time dependent. Thus x 2 s x s ~ t 3jV ~ 2 giving a value for N = |, 9 = — \ as in the classical 
strong planar blast solution. However, if this value of 9 = — \ is used in the integration 
of Eqs 9.5.4-9.5.6 with the strong shock condition at £ = 1, the singularity (0 — §) 2 — 
^ = 0 will be encountered somewhere in the flow field — oo <£< 1. Note that the 
singularity will not be encountered in the region 0 < £ < 1 permitting a continuous 
solution for the strong planar blast problem. The divergence obtained indicates in that 
the energy integral cannot be used to determine 9 for the sharp blow problem. When 
the singularity is encountered using the value of 0 = — \ 0', /', and </>' become infinite. 
Since there is no physical reason for the infinite gradients to be present, it is concluded 
that the value off! = — ^ does not lead to an acceptable solution for the present problem. 
As in the implosion problem discussed previously, we must therefore seek a value of 9 
that gives a regular solution at the singularity. 

When (0 — §) 2 — —*■ 0, we must require the numerators of Eqs 9.5.4-9.5.6 to 

vanish simultaneously, that is, 


-29f* + 

(0* -f*)00*0* - 

-> o, 

(9.5.7) 

(0*- 

«w + r - 

> o, 

(9.5.8) 

-29 f* + (0* 

- r) + Yf<P*e - 

* 0, 

(9.5.9) 


where we have used the asterisk, *, to denote the condition at the singularity, that is, 
(0* — £*) 2 — = 0. Using the singularity condition, it can be shown that Eqs 9.5.7- 

9.5.9 can all be satisfied simultaneously if 

y0* = 2(0* — £*). (9.5.10) 

To determine the desired solution, Eqs 9.5.4-9.5.6 are integrated numerically using 
the strong shock conditions at the front £ = 1 with a trial value of 9. The desired solution 
will be the one that satisfies the regularity condition (i.e., Eq 9.5.10) at the singularity. 
The desired value of 9 is obtained by iteration to the desired accuracy. The value of 9 (or 
N ) for various values of y are given in Table 9.4. Note that j < N < |, and for N = | 
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the solution corresponds to the classical constant energy planar blast solution. Thus the 
solution that is regular at the singularity will not satisfy the energy integral. 


Exact Solution for 7 = 1.4 

For the particular value of y = 1.4, von Hoerner (1955) found an analytical solution 
for the sharp blow problem. The velocity profile is linear and can be expressed in the 
following form 


cp=ag + b. (9.6.1) 

The solution for 0 and / can be obtained by substituting Eq 9.6.1 into the continuity 
equation (Eq 9.5.1) which integrates to yield 

f =K[{a- 1)? + Z>]3 . (9.6.2) 

Substituting the velocity and density profiles into the momentum equation (Eq 9.5.2) 
and integrating gives 

( ya+29 \ 

f=K l [(a-l)^+b]-y^r>. (9.6.3) 

The integration constants a, b, K, and K\ can be evaluated using the boundary con¬ 
dition at the shock. For y = 1.4, we obtained 


<t>(g) = ~(2g - 1 ), 

6 

(9.6.4) 

HH) = 6(5 - 4 gy 5 ' 2 , 

(9.6.5) 

f{g)=-A5-Agr^ 2 . 

O 

(9.6.6) 


The exact solution for y = 1.4 is given by Eqs 9.6.4-9.6.6 and is shown in Fig. 9.4. 
The location of the singularity 7 can now be obtained by substituting the solution of 
Eqs 9.6.4-9.6.6 into the singularity equation, that is, 



Doing so, we obtain g* = 5/4 or —1/2. And since the flow is bounded by 
—oo < g < 1, we may discard the value of g* = 5/4. Substituting g* = —1/2 and 
0* = 5/6(2£* — 1) = —5/3 into Eq 9.5.10 shows that the regularity condition is 
satisfied. 

Since the solution for 0(£), i fr(g ), and f(g) are given in simple analytical forms by 
Eqs 9.6.4—9.6.6, we may investigate the various integrals of the motion. Since the flow 
follows the shock to the right and is also accelerated to the left by the escape front, there 
will be a boundary where the particle velocity is zero. Solving for g = §o where 0 = 0 
from Eq 9.6.4, we obtain go = 1 /2. Thus, the mass between 1/2 < g < 1 moves to the 
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4 4 



4 


Figure 9.4 The Exact Solution for y = 1.4 


left with the shock and the mass between —oo < £ < 1/2 moving to the left. The mass 
moving to the right is given by the integral 

pdx — p 0 x s / f df, 

Jt; 0 = 1/2 

and with i/r(£) given by Eq 9.6.5, we can evaluate the integral and obtain 

M s = pqx^O.8075 = Ap a 0.8075t° 6 , (9.6.7) 



where we have used x s = At N and N = 0.6 for this particular case of y = 1.4. Equa¬ 
tion 9.6.7 indicates that M s increases with time and since the velocity ahead of the 
shock is zero, and also at the boundary, § = 1/2, the momentum of the fluid between 
1/2 < £ < 1 will increase with time. The momentum integral can be written as 

/•?=' 

pudx — PqX s X s I l/r</>d^. 

h 0 = 0.5 



With i/r (f) and </>(£) given by Eqs 9.6.5 and 9.6.6, the integral can be evaluated. Denot¬ 
ing the dimensionless integral 



= B, 
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and noting that x s = At N , x s = ANt N 1 , the momentum integral can be written as 

Io = ( p 0 A 2 BN)t 2N - 1 . 

For the momentum to increase with increasing time, N > 1/2 and indeed, the values 
of N for 1 < y < oo shown in Table 9.4 indicate that N > 1/2. 

Similarly, we may evaluate the energy in the volume between 0.5 < £ < 1, that is, 

E = Po*ix*f + y^~\) = (Po4 3 N 2 C)t 3N - 2 , 

where C is the dimensionless integral 



Since there is no continuous energy input to the flow after the initial instant, the 
energy in the volume 0.5 < £ < 1 must decrease with time as the shock decays. For E 
to decrease with increasing time, the exponent 3N — 2 < 0, that is, N < 2/3. Again the 
values of N shown in Table 9.4 satisfy this requirement. Thus we see that 1/2 < N < 
2/3 and is in accord with the values given in Table 9.4. 


Determination of A 


The asymptotic self-similar solution is determined from the basic conservation equa¬ 
tions and the value of the constant^ in the shock trajectory (i.e., x s = At N ) is not known. 
The value of A has to be determined from a consideration of the initial conditions of the 
problem. In the classical strong blast solution, the value of A is obtained from the energy 
integral. For the present problem, the energy integral is written as 


E n = 


-r 


pu 


l 


dx = p 0 x 2 s x s / 

J — C 


/ 


i j/cjr 


Y — 1 


d?. 


If the dimensionless integral is constant and finite, then dimensional considerations 
give N — 2/3 and the value of A equal to 




where 


J — OC 


/ 


f4> 2 


Y~ 1 


d$. 


However the integral, B, diverges for the sharp blow problem because the kinetic 
energy tends to infinity near the vacuum boundary faster than the density goes to zero. 
This can be demonstrated by seeking the solution near the vacuum interface. 
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Near the escape front, the pressure gradient is vanishingly small and neglecting it, 
the momentum equation (i.e., Eq 9.5.2) becomes 

(</> - f)<// + (90 = 0, 

which can be integrated to yield 

0 = (l-@)f = i (9.7.1) 

Substituting the above solution for (p into the continuity equation (i.e., Eq 9.5.1) 
gives 

df 0 df 

~f ~ 1 - 0 ]"’ 

which integrates to give the density profile near the escape front, as 

i/s = = K\i;\A. (9.7.2) 

In the above equation, K is a constant of integration and we write the absolute value for 
f to ensure a positive density. 

With the solution for (p and ip, the pressure profile can be obtained from the momen¬ 
tum equation as 

f = K l \S\ 2 -r(¥'*=K 1 \!;\ 2 -^, (9.7.3) 

where K\ is another integration constant. The above asymptotic solution near the escape 
front is valid for arbitrary values of y. 

For the particular value of y = 1.4 where closed formed solutions can be obtained, 
Eqs 9.6.4-9.6.6 reduces to the above asymptotic solution (i.e., Eqs 9.7.1-9.7. 3) for large 
values of |. From Eqs 9.7.1 and 9.7.2, we see that the kinetic energy near the escape 
front ~ p 2 i—N ~ and for the values of 1/2 < N < 2/3, the kinetic energy 
approaches infinity as f —»■ oo. Thus the energy integral diverges even though the solu¬ 
tions for </>, / are continuous and singularity free. Hence, unlike the classical strong 

blast problem, the energy integral cannot be used now to evaluate A in the sharp blow 
problem. 

The infinite energy result suggests that the self-similar solution is not uniformly 
valid in the entire range —oo < f < 1. Indeed, the flow near the vacuum edge must 
retain the memory of the initial energy release process. The entropy of the fluid near the 
escape front is due to the initial energy deposition process and differs from the entropy 
of the fluid elsewhere in the flow field which is due to the shock compression process. 
To elucidate the initial non-similar energy release process, let us assume that the initial 
energy release is due to the impulsive motion of a piston acting on the gas for a short 
duration, r. The impulse and the energy imparted to the gas by the piston can be written 
as 

r= [ T Ppdl, (9.7.4) 

Jo 



(9.7.5) 
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where p p and u p denote the pressure at the piston face and the piston velocity, respec¬ 
tively. Given the pressure-time profile, as shown in Fig. 9.5, the impulse and the energy 
can be evaluated. 

We may write Eqs 9.7.4 and 9.7.5 as 


I = p m X / 

Jo 

. 

ppdt — ap m r, 

(9.7.6) 

P 3/2 

Po J 

f P V2 

/ p p u p dt = b-fjjT, 

Po 

(9.7.7) 


where p p = y- and t = We normalized the piston velocity using the particle veloc¬ 
ity behind the shock u\ = yp[X s . Since the shock pressure p s = yjP(,x 2 s and p s — 
p p ~ p m , mi ~ (^)5. The dimensionless integrals a and b depend on the nature of 
the pressure-time profile of the piston. For example, for a simple square pressure pulse, 
shown in Fig. 9.6, that is, a = 1 and b = (^py . In general, a and b are of the order of 


Pp 


Pm 


1 


1 


Figure 9.6 Simple Square Pulse 
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unity and we may write Eqs 9.7.6 and 9.7.7 as 


/ 

E 


PmT, 
„ 3/2 


Po 


1 / 2 ' 


In the self-similar solution, the shock trajectory is given by x s = At N and thus the 
shock velocity x s = ANt N ~ l . Withi,; ~ (^)s hence ANt N ~ l ~ (^)i,A ~ 

If ^4 = constant as t —»• 0, then />„, must approach infinity like as t -» 0 in this 

case. For N > \, I — p m r —> r 2N ~ x as t —*■ 0 in this case. In other words, the impulse 

3/2 

I —> 0 as t -> 0 in this case. Since the energy E ~ ht 7 z r ~ t 3A '~ 2 as t —> 0, E oo as 

Po 

t -» 0, for TV < 2/3, that is, the energy imparted to the gas by the piston is infinite. Thus 
if the self-similar solution exists in the limit as - —> 0, it is evident that the self-similar 
solution cannot be uniformly valid in space encompassing all the mass set in motion 
from the shock front to the vacuum interface. To resolve this dilemma, Zeldovich argued 
that the self-similar solution should only include the mass described by the self-similar 
motion. A small portion of the mass near the escape front that bears the “imprint” of the 
initial non-similar energy deposition process should be neglected. The amount of mass 
to be neglected is determined by requiring that the energy integral is time independent 
as the self-similar solution demands. The limits of the integration is then taken to be 
£o < £ < 1 instead of —oo < £ < 1. The mass to be neglected is between —oo < £ < 
£o- By restricting the limits of the integration, the integral can now be made finite. The 
proper procedure to relate the self-similar solution to the non-similar initial motion is to 
solve the non-similar motion numerically and match it with the self-similar solution. 


9.8 Converging Blast Waves 

The similarity solution described previously in Section 9.2 is valid only near the vicinity 
of the center of convergence as R s —> 0. Furthermore, the solution can describe only a 
limited region of the flow field behind the shock. To describe the initial stages of the 
propagation of a converging shock wave, a different solution has to be constructed that 
considers the details of how the shock wave is generated, for example, impulsive motion 
of a converging piston or the instantaneous deposition of energy on the inner surface of 
a spherical (or cylindrical shell). We shall investigate the propagation of a converging 
blast wave in this section. 

Assume at time t — 0, an energy per unit area, Eq, is released instantaneously at the 
inner surface of a spherical (or cylindrical) cavity of radius Rq. A strong blast wave is 
generated which decays as it propagates inwards away from the surface at later times. 
For very early times when R s ~ R 0 , the blast wave is essentially a strong planar blast 
wave. Curvature and finite Mach number effects come in progressively as the blast 
propagates away from the wall at later times. This is illustrated in Fig. 9.7. The very 
early time shock propagation can be described by the self-similar solution for a strong 
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Figure 9.7 Curvature Effects as Blast Propagates Away from Initial Position 


planar blast given in Chapter 4. This similarity solution can be perturbed to account for 
curvature effects at later times. 

For the initial blast motion, that is, R s ~ Rq, the basic equations are given by 

9p d(pu) jjm 
dt + dr + r 

du dll 13 p 

— 4 ~ u — +- 

dt dr p dr 

d d \ p 

-b u— — 

dt drj py 

where j = 1,2 for cylindrical and spherical geometry, respectively. Defining the fol¬ 
lowing blast wave variables 


= 0, 
= 0, 

= 0, 


m,x s ) 


P(r, t) 
Pox 2 s 


r — Rq 
R s ~ Ro 


X s = R s — R o 

_ X s _ R s — Rq 
Xs ~¥ 0 ~ R 0 


■ 


the conservation equations become 




3i jr 



jlpjfXs_ 

1 + x s £ 


-X s 


d xjr 
d x s ' 




d <p 
¥ 


L d L = _ x A 

xjf 3§ s dx s ’ 


(0-f) 



y£djf\ 

/ dU 


+ 20/ — — x s 



y/3/\ 

/ 3 x s ) 


(9.8.1) 


(9.8.2) 

(9.8.3) 


(9.8.4) 
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where 9 = ^. A more convenient form of the energy equation can be obtained by 
eliminating cp from Eq 9.8.4 using the continuity equation, that is, 




y / — 


20 /- 


jyffyxs 

1 + 


df 

dx 5 


(9.8.5) 


Note that Eqs 9.8.2-9.8.4 (or 9.8.5) are still partial differential equations, the same 
as the regular Euler equations in dimensional parameters. The flow field is bounded by 
the shock front and the wall, that is, 0 < f < 1. At the shock front £ = 1, the boundary 
conditions are given by the Rankine-Hugoniot relationships, that is, 


Pi _ , n , _ Y + 1 
Po ^ ,Xi (y — 1) + 2/M s 2 ’ 


U\ 2 

— = </>(i,x s ) = ——- 
x s y + 1 


1 

1-- 

M} 


p\ 2 y — 11 

Pqx] y + 1 y(y+l)M 2 ’ 


(9.8.6) 

(9.8.7) 

(9.8.8) 


where M s is the shock Mach number defined as 



co 



The energy integral is written as 

E 0 = f 
Jr 


Ro / p , pu 2 \, 


f Ro _P0_ 

Jr. y-1 


kjr J dr\ 


and in terms of the dimensionless parameters /,/,/, f, the energy integral becomes 


where 


T() — Pokj Rq x^. x s 


cq (i - (i +^y +1 ) 
R 2 0 y(Y - 1)0'+ 1 )x]x s 




(i +x/yd/ 


(9.8.9) 


In the above equation kj — 2n, An for cylindrical and spherical geometry, respec- 

c 2 

tively. For strong shocks where /<$;!, the second term inside the bracket on the right 
hand side of the integral can be neglected. Elowever, the integral I(x s ) is still time (or x s ) 
dependent due to the presence of the characteristic length scale Rq. When x s 1, then 
l(x s ) —> constant and a self-similar solution is possible. Thus, departure from similarity 
arises from both: the presence of a characteristic length scale Rq and for finite shock 
strength. 
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It is more convenient to define a characteristic time t* as 

/ mx +3 V 

J \(j+l)Eo) 


(9.8.10) 


Note that the term within brackets in Eq 9.8.10 is just the inverse of the energy 
density, that is, — and t* can be interpreted as the implosion time. Non- 

PokjR Q /C/+1) 

dimensionalizing time 1 by t*, that is, r = we note the shock velocity R s = x s = 

n ■ _ Ro dx s 
Rqx s — t , dr . 

The conservation equations remain the same except x s is now % instead of %. The 
energy integral can conveniently be expressed now as 

1 = x]x s {j + 1 )I(X S ) - Cj ( 1 ~ (1+ ^ ); ) f (9.8. 11) 

r(r - 1) 

2 c 2 ^ 2 

where c* = For large Eo, t* -> 0, c* —> 0, and the second term on the right hand 

J K q J J 

side of Eq 9.8.11 vanishes. However, a self-similar solution is still not possible because 
I(x s ) is a function of x s . 

For small times where x s 1, we may seek solutions as a power series in x s , that is, 


i KH,x s ) = Y K 


(9.8.12) 


For x s -» 0, I(x s ) —*■ constant and the energy integral (Eq 9.8.11) indicates that 
x^x s —> constant as x s -> 0 or x 2 s —>• 1 /x s as x s —> 0. Thus the form for the expansion 
ofx^ is 

x] = - = — + /*j + F 2 x s + ■■■ (9.8.13) 

x s x s 

Accordingly 6 = ^ becomes 

0 = E0(«X = 0 (O) + 6 (X) x s + 0 (2) x 2 + 0^x] + • • • (9.8.14) 


where 


fl(°) _ _I fl(l) = 0 ( 2 ) _ ^ 

2’ 2F 0 ’ Fq 






Ft 
2p { r 


(9.8.15) 


Substituting the various perturbation expressions into the conservation equations 
and the energy integral, we obtain after equating coefficients of similar order in x s the 
following: 
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Zeroth order in x s 


(V 0) - £W (0) + 0 (t V (O) = 0 
(0<»>-«)0'<“> + 45,/<»> = 

(0<°> - ^)/' (0) + y/ (0) </)' (0) = —20 <O) /<°> 


F 0 = —-—7 (0) 
(7 + 1) 


/(0)= j° + 




First order in x s 


( 0 (°) _ ? U'(D + 

= — ^l/f (1) ^<// ( ' 0) + 1^ + d>l 1 ll/r ,<0) + 70 (O V (O) ] 

(* (0) -^' (1)+ ^' (1) 

^id^o) + 0 (O)^ + 0 (i)0(O) _ yZZ!!l 

(0») - + y/ (0 V' (1) = -[/ (1) (y0 ,(O) + 1 + 20 (O) ) 

+ 2(9 (1) / <0> + </> (1) /' (0) + y j/ (0) (9 (0) 


1 

+1 = 17777 


/< 0) Vy(y-l) 


+ Fi)/ (1) 


/<>» = 


f°[.J / (0) 

J, K^r 


/»> 0™V IO) ' 


+ 0(«>^ 
/ — 1 2 


d£ 


(9.8.16) 


(9.8.17) 
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Second order in x. 


(y°) _ ^'(2) + ^ (o y (2 ) 

= -|^ 2 >(y<°>+ 2 ) + ^ (1 y (1) +0 (2 v ,(O) 


A'< 2 ) 


+ 


/' (2) 


■ *»> 

= - + «™ 2) + 0< ] )(^'"i + e 111 ) 


+ 0 (°) 0 ( 2 )_ 


^r(°) 


iA ( 0) i/f(0) 2 


(</> ,0) - ?)/' (2) + y/ ( °V (2) 

= -j/ (2) ( K 0' (O) + 2<9 (0) + 2^ 


+ /U)/ 


Fl 1(0) 


• *2 

jcf 


2 y(y ~ 1) 


+ F 1 / (1 >+F 0 / (2) 


4 2) = / d£ 


r 


+ I^yo) 2 + 1 ^(oyn 2 

y — 1 2 2 


+ ^ ( W ) + ^ ( 1 W 0) 

+ JH 


J^L + I^dyo) 2 + ^(o)0(o )0 (i) 

y — 1 2 


+ 2^(7- nr 


/<0> +I^(O)0O 


y — 1 2 


(9.8.18) 
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Third order in x s 


(V°> - f)v^ 3) + ^ (( V {3) = -|0 ( 3 ) (y (O> + 3) + 0 ( 2 V' (1) + 0 ( 1 V (2) 

+ (/) (3) l/f ,(0) + l/d® + 7^0 <O> V'' (2 ' ) + 0^0^ + 0 (2 *0 (O) ^ 

- ,/f (VV !) + 0< 1 ty<°>) + if W 0) } 

(V 0) - f)</> ,(3) + ^| = - jd> ( 3 ) (0 ,(O) + 3) + ^ 2 y (1) + 

+</,( 3 V'w+0 (2 v ,(1) +0 (l v (2) +7(0 ,o y 2) +0 (1 v (1) +0 (2 v (O) ) 

- (0 (O V (1) + d> (1 V (0) ) + jf W 0) ) 

(0<°) - f)/ ,(3) + k/ ( 0 V ,<3> = -{/ (3) (y0' (O> + 20 m + 3) 

+ / ( 2 , (y</> ,(1) + 2 0 (1) ) + / ( 1 ) (y 0 ,(2) + 20 (2) ) + 2 0 {3) / (O) + 0 (3 )/(°) 

+ 0 (2) / (2) + Ki?V 0) / (0) - Ki?( 0 (O) / (1) + 0 (1) / (O) ) 

+ ^{0 (O) / (2) + 0 (1) / (I) + 0 (2) / (O) )} 


,*2 




/(3) = f° d £ -/!!!_ + l0(3)0(O) 2 + I^(iyi) 2 + 0(°)0(°)0( 3) 
Ji |_K — 1 2 2 

+ 0^0^)0( 2 ) + 1/r^)0^0 (2 ' + Vf (2) (/) (0) d> (0) 

+ 7$ 


^ + V(2)0(o) 2 + l^<o)0(i) 2 + y°y°y 2) + yw 0) 

y — 1 2 2 


1 


+ 2^(7- nr 


-2^ + Vv 0)2 + 0(O)0(O)0(1) 

y — 1 2 


(9.8.19) 


The boundary conditions at the shock front, f = 1, for the various orders can be 
obtained by expanding the Rankine-Hugoniot relationships (Eqs 9.8.8-9.8.10). Substi¬ 
tuting Eq 9.8.13 into Eqs 9.8.8-9.8.10 and expanding in x s , we obtain for 
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Zeroth order in x„ 


First order in. 


0 (O) (1) = / (0) (1) = 


YAl 


y + i 


i/d u, (l) = 


Y~ 1 


(9.8.20) 


,*2 


0 (1) ( 1) = 


-2d 

J 

F 0 (y + l) 


Second order in x. 


(n —2c* 2 (y + 1) 

2 y 


•—8bW< 

m 2Cj 2 Fi 

( 2 >m —_ l _ 


0 W (1) = 


(y + i)^o 2 


/(2)(i) i (y^O) 

2 y 


Third order in x 5 


y — i 


(9.8.21) 


(9.8.22) 


i/f ( 3 ) (l) 


-2cf (y + 1) 

(y -1) 2 ^ 3 


2 cf \ 

F\ + — -j- 1 — FqF 2 


0 ( 3 ) ( 1 ) 


(y +1 )^ 0 3 


(f 2 - f 0 f 2 ) 


1 (y - 1 )0 (3> (1) 

2 y 


(9.8.23) 


The zeroth-order boundary conditions (Eqs 9.8.20) are just the strong shock condi¬ 
tions. Note that the parameter c* 2 appears in all the higher boundary conditions (i.e., 
Eqs 9.8.22-9.8.23) for the higher order solutions. For large values of the energy release 
Eq, c* 2 -> 0 and all the higher-order boundary conditions become zero and the shock 
remains strong throughout its propagation. Eqs 9.8.22-9.8.23 also indicate that all the 
higher-order boundary conditions require the complete solution of the lower-order equa¬ 
tions. For example, the first-order boundary conditions (Eq 9.8.22) contain Fq which is 
determined from the zeroth-order energy integral (Eq 9.8.16). From Eq 9.8.14 we note 
that the zeroth-order shock decay coefficient 0 ( °) = which gives the time exponent 
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of the shock trajectory N — 2/3 (i.e., x s ~ At N ). This is just the self-similar solution for 
strong planar blast waves. This is expected since for x s —> 0, the shock wave is at the 
immediate vicinity of the wall at Rq and curvature can be neglected and the strong blast 
is essentially planar. 

After the zeroth-order solution has been determined, and F 0 evaluated from the 
energy integral, the first-order boundary conditions (Eq 9.8.21) can be found. The first- 
order equations (Eq 9.8.11) can then be integrated with a trial value of 0 (1 K The correct 
solution is obtained when the value of 0 (l> chosen gives a solution that satisfies the 
boundary condition at the wall where the particle velocity must vanish. An alternate 
criterion for the iteration of the correct value of 6 (1 ' is when the trial value of 6 (1 * agrees 
with the value of 0 (1) determined from the energy integral (i.e., = y±r) to within a 

prescribed accuracy. Second and higher-order solutions are found in a similar manner. 
In general, it is found that using the criterion of zero particle velocity as the wall is much 
more sensitive to iterate for the solution. 

With the higher-order solutions determined and the F„ s evaluated, the shock trajec¬ 
tory can be obtained from the definition of the shock velocity, that is, 





Substituting the expansion forx 2 in terms oV (i.e., Eq 9.8.13) into the above equa¬ 
tion and integrating, one obtains 

r — - f dx s / (— + Fi + F 2 x s H- 

Jo / V Ts- 

= SoW 1 ( 1 + B^x s + B 2 x 2 s + B 2 x] + ■ • •), (9.8.24) 



where 


Bo 



3 F 


1/2 


B i 


B 2 


B 3 


iov 

3 (3F? _ 1V| 

7 V8 F 2 2 Fa)’ 

1 / 5 / Fj \ 3 3 F x F 2 1F 3 \ 

3 y 16 \7o/ 4 F 0 2 2F 0 )' 


For large energy release, c* 2 — 0 and the shock wave remains strong throughout. 
To illustrate the results for the perturbation solution for converging blast waves, the 
shock trajectories for the spherical case is shown in Fig. 9.8, for values of C* 2 = 0, 
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Figure 9.8 Shock Trajectories for Spherical Implosions at Different Initiation Energies. 

Note: Values of C* 2 ". _0;_..._, 0.1;_0.5. Zeroth-, first-, second-, and 

third-order solutions are shown 


0.1, and 0.5. Also shown are the results for the different orders. For C* 2 — 0, corre¬ 
sponding to a strong collapsing blast wave, we note that the third-order solution pro¬ 
vides a fairly accurate description of the shock motion for the majority of the collapse. 
A change in the curvature of the shock trajectory can be observed indicating that the 
shock changes from an initially decaying wave to an accelerating wave as it converges. 
The zeroth-order solution corresponds to just a planar decaying blast wave. For finite 
values of C* 2 , where the shock strength is finite, the range of validity of the third- 
order solution decreases and is only adequate close to the wall. A comparison of the 
shock trajectories for strong planar, cylindrical, and spherical (that is C* 2 = 0) implo¬ 
sions is shown in Fig. 9.9. For the planar geometry, where there is no area convergence 
to amplify the shock, the blast decays like Rs ~ t 1 ' 2 as given by the self-similar solu¬ 
tion (Chapter 4). Note that to permit the comparison of the different geometries, the 
characteristic time t * (a function of the geometry) must be referred to that of the pla¬ 
nar case (i.e., U*) in order to have the same initiation density per unit area for all the 
three geometries. From Eq 9.8.10, we observe that the same energy density t 2 */ f o* = 
1/a/3, t\*/to* = 1/V2. Figure 9.9 further shows that all the trajectories coalesce in 
the vicinity of the wall as area convergence has not influenced the shock propagation 
as yet. 
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Figure 9.9 Comparison of Shock Trajectories for Strong Planar (J = 0), Cylindrical (j = 1), and 
Spherical (j = 2) Implosions ( C)* 2 = 0) 


The pressure profiles for strong (C* 2 = 0) converging spherical blast waves are 
shown in Fig. 9.10. The zeroth order, corresponding to planar blast with no area conver¬ 
gence, is seen to compare well with the third-order solution. The initial pressure decay 
behind the blast is seen to indicate a decelerating blast wave. Flowever, the pressure 
behind the shock increases as the shock propagates toward the center when the area 
convergence begins to cause the shock to accelerate. 

The corresponding density profiles for strong converging spherical blast are shown 
in Fig. 9.11. The increase in density behind the shock as it amplifies when moving 
toward the center is more prominently illustrated than the pressure profile. For the final 
phases of the collapse near the center of symmetry, we redefine the variables as follows 


</>(§, 


P(r, t) 
Po 

u(r, t) 

P(r, t ) 

PoR 2 


$ = r/R s 
r s = R s /Ro 
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( 9 . 8 . 25 ) 
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Figure 9.10 Normalized Pressure Profiles for Strong (C* 2 = 0), Spherical Implosions, 
Order;_, Third Order 



r/R 0 


Figure 9.11 Normalized Density Profiles for Strong (C* 2 = 0), Spherical Implosions, 
Order;_, Third Order 
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In terms of the above variables, the conservation equations can be written as 


,, ,.,30 . , 30 . 700 30 

(0 + 0^r + ~r~ = ~ rs ^~ ’ 

3£ £ dr s 

90 1 df 90 

<0 - f) 8? + #8f +e +=- r ‘3F,- 


df 90 

(0 ~ + y/— 

3 ? 3 ? 


20 - 




f 7 


3 r s 


(9.8.26) 


(9.8.27) 


(9.8.28) 


where 0 = ^. The flow is bounded by the shock front and the wall, thus 1 < £ < /. 
Initially at t = 0 where R s — Rq, r s ~ 1. Near the center of symmetry, R s — 0 and r s ~ 
0. Thus 0 < r s < 1. For the final phase of the collapse, r s -> 0 and 0 —> 0 O — constant. 
The shock wave is strong and the boundary condition at the shock front is given by the 
limiting strong shock conditions, that is, 

1 2 


0 ( 1 ) = 


y 


0(1) = /(!) = 


Y -1 Y +1 

For r s -» 0, the right hand terms in Eqs 9.8.26 and 9.8.27 drops out and solving for 
the derivatives with respect to f, we get 


0 ' = 


(2@o/+ 0o0(0-|) 


(0 - S ) 2 - V i 
f'= -0(000+(0-£)0')> 
700 


0' = — j 00' + 




/ 


(0 - f)- 


(9.8.29) 

(9.8.30) 

(9.8.31) 


The above equations are identical to Eqs 9.8.26-9.8.28 given previously. The desired 
solution is determined by iterating for the value of 0 (O) that gives a regular solution at 
the singularity (0 — £) 2 — ^ =0. 

The regularity condition to be satisfied is given by Eq 9.8.11, that is, 


x7/*0* 


0 *( 0 * 




where the asterisk * is used to denote the values at the singularity (0* — £*) — = 0. 

The equation for the definition of 0, that is, 0 = r -jf, can be integrated to yield the 
dependence of the shock strength r s on the shock radius r s . Doing so we obtain 


r, = ~ (F 0 y t 


. 0 ( 0 ) 


(9.8.32) 


where Fq is a constant of integration. The negative sign is taken since the shock radius 
decreases with increasing time. 

Integrating Eq 9.8.32 again gives the shock trajectory 


r, = A 


1 - - 
tr 


(9.8.33) 
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where 

N = 


In Eq 9.8.33, the constant t c is chosen to yield r s = 0, t — t c . The constants 
and t c cannot be found from the similarity solution and are determined by the initial 
conditions. 

We may extend the validity of the self-similar solution to small, but finite, radius r s , 
by seeking a perturbation solution in a small parameter e(r s ). From an examination of 
the basic equations and boundary conditions, we see that if the self-similar solution for 
r s -* 0 is to be recovered as s -» 0, then s should be of the form 


1 - 0 (°)’ 
~t c (F 0 y 


s = 

(9.8.34) 

where a = — 29 i0} is a positive number since 9 (0) is negative. We can write the following 
perturbation expressions for the variables 

1 °° 1 

-YFnS" = -(F 0 + F lS + ■■■), 
e o £ 

(9.8.35) 

9(r s ) = y ' 6„s n = 9o + 9\S + • • • 

(9.8.36) 

0(?, r s ) = E0„(f )s" = 0 o (f) + 0i(?)e + ■ ■ ■ 

(9.8.37) 

0(§> r s ) = S0«(§)e" = 0o(?) + 0i(?) e H- 

(9.8.38) 

m, r.) = vm)s n = m) + m)s + ■■■ 

(9.8.39) 


From Eq 9.8.35 and the definition of 9, the coefficients Q„ in Eq 9.8.36 can be 
obtained as 


9o 


Ox 


—a 
~2 
a F\ 

2 y 0 


etc. 


(9.8.40) 


Substituting the perturbation expressions (i.e., Eqs 9.8.36-9.8.39) into the basic 
equations and boundary conditions, and collecting terms of the same order in e, we 
obtain for zeroth order in e, the self-similar equations given earlier by Eqs 9.8.29- 
9.8.31 . For the first order in s, we obtain 


(0o - + 0001 =- [0i(0o + “) +0i0o+ 7(0o0i + 0i0o)/§], (9.8.41) 

(0o - §)0i + /i/0o = - [01 (0o + 0 0 + a) + 6\<po - 0i/q/0o)] • (9.8.42) 

(0o -?)/( + Yt14>[ = - [/t(F0o + 20o + a) + 29xh + 0i/o 

+ yy(/o0i +f\M/%\- 


(9.8.43) 
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Implosions 


The first-order boundary conditions can be obtained by expanding the Rankine- 
Hugoniot equations (i.e., Eqs 9.8.6-9.8. 8) using Eq 9.8.35 for We may proceed 
to higher orders in s in a similar manner. 

The first-order solution is determined in an identical manner as the zeroth-order 
solution. From Eqs 9.8.41-9.8.43 we note that the singularity for the first-order equa¬ 
tions is the same as the zeroth order (i.e., (</> — f ) 2 — ^ = 0). The corresponding reg¬ 
ularity condition for the first order can be obtained from Eqs 9.8.41-9.8.43 as 

— \yf i0o + 2$i/o + fafo + yAMi + /Id’o)/?] 

- (0o - H) [0i(0o - 0 Q ) + 0100 - Vt/o/iAo 2 ] = 0. 

The first-order solution is obtained by iterating for the value of 6 1 to satisfy the 
regularity condition at the singularity to within a prescribed accuracy. 

We have obtained solutions for the initial and final phases of the implosion. A numer¬ 
ical solution is required in general to link the two solutions. However, the perturbation 
solution for the initial phase will provide an excellent starting condition for the numeri¬ 
cal solution of the intermediate regime of the shock motion. 
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Non-uniform cross sectional area tube, shock wave 
propagation in, 56-66 
Chester’s theory, 56-60 
Chisnell’s theory, 60-64 
Whitham’s theory, 64—66 
Non-uniform region, 7—9 

Order of unity, 72 

Oswatitch solution, for triangular shock pulse, 31 , 
37-40 

Overpressure, 125—127 

Particle isentropic flow, 3-4, 5, 6 
Particle velocity, 70 
blast waves, 72 

Chapman-Jouguet detonations, 95 
constant energy blast waves, 112 
finite strength blast waves, 155, 156 
implosions, 167 
piston driven explosion, 119 
shock, 21, 24, 25,26 
snow-plow approximation, 104 
weak shocks, 36,49 
Perfect gas, 24, 27 
enthalpy, 24, 27 
entropy, 2, 3 
equation of state, 1 
internal energy, 3, 25, 27 
Isentropic relationships, 2, 3—4, 5, 6 
sound speed, 2, 3, 19. See also Mach number 
Perturbation solutions, 138-144 
converging blast waves, 193 
perturbation equations for different order, 
140-141 

shock trajectory, 144, 146 
Perturbations, 9-11 

boundary conditions, 142 
density, 142 
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finite strength blast waves, 138-144 
flow, 57 
pressure, 142 

shock propagation in non-uniform cross sectional 
area tube, 59-60 
shock trajectory, 144 
Pfriem’s formula for weak shock, 33, 39 
Piston driven explosion, 94-101 
Chapman-Jouguet detonations, 96 
density distribution, 118-119 
density ratio across the shocch, 98 
first-order coefficients, 96 
Mach number, 98 
particle path, 119 
particle velocity, 1 19 
piston path in, 117 
piston velocity in, 117 
pressure distribution, 101, 118 
secondary shock velocity, 100 
shock decay, 45 — 48 
shock strength, 100, 101 
snow-plow approximation, 115-120 
strong shock, 96 
velocity profile, 119 
weak shock, 94-95 
Piston problem, 16-20 
Piston velocity, 117 
Planar explosion, shock tube problem, 

88-91 
Planar flow, 7 
Planar geometry, 66 

Planar motion, similarity equations for, 173 
Planar waves 

acoustic waves, 10-11 
asymptotic pressure decay, 133 
decay of, 41-45 
weak shocks, 40 
Power series 
blast waves, 81 
converging blast waves, 183 
Finite spherical charge explosion, 1 14 
piston driven explosion, 96 
snow-plow approximation, 1 03 
Pressure 

constant energy blast waves, 109-111 
finite strength blast waves, 142, 158, 

159 

first order solution, 107 
perturbations, 49 
piston driven explosion, 118 
piston problem, 19 
snow-plow approximation, 1 04 
Pulse width, 39 — 40 

Quasi-similar solution, 144-155 
energy integral, 149-150 


quasi-similar approximations, 147, 150 
quasi-similar equations, 147-149 

Rankine-Hugoniot equations 
Brinkley-Kirkwood theory, 124 
converging blast waves, 194 
finite strength blast waves, 138, 142, 147, 149, 
151, 154, 158, 159 
in overpressure, 32 
piston driven explosion, 95, 98 
shock decay equation, 130 
shock propagation in non-uniform cross sectional 
area tube, 58, 59, 60-62, 63 
shock tube problem, 90 
shock waves, 26, 28-29 
snow-plow approximation, 102 
strong shock, 69 
weak shocks, 42-43, 51 
Rankine-Hugoniot relationships, 29 
Brinkley-Kirkwood theory, 124 
converging blast waves, 182, 186 
homentropic explosions, 88 
in overpressure, 33 

shock propagation in non-uniform cross sectional 
area tube, 64 
weak shocks, 36 
Rarefaction fan, 19 

Chapman-Jouguet detonations, 92 
piston driven shock, decay of, 46 
Rayleigh line, 21, 24, 25, 27, 29 
Reflected wave, 60 
Residual internal energy, 126-127 
Riemann invariants, 7 

shock propagation in non-uniform cross sectional 
area tube, 62 
weak shocks, 33, 45 

“Saw tooth” shock, 37 
Sharp blow problem of Zeldovich, 172-175 
exact solution of von Hoerner, 175-177 
impulsive piston motion, 179 
non-uniform validity of similar solution, 177—180 
similarity solution, 173 

Shock decay coefficient, finite strength blast waves, 
145, 152, 153,162 
Shock decay equation, 128-131, 157 
Shock front evolution equation, 121, 123, 158 
Shock overpressure, 37, 40, 44, 51-52, 53, 54, 54 
Shock path, 48, 52 
Shock pressure 
blast waves, 71, 85 
as function of shock radius, 75 
Shock pulse, 44 
Shock radius, 75, 76, 83, 192 
Shock strength-area relationships, 63 
Shock temperature, 71 
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Shock temperature ratio, 71 
Shock trajectory 
blast waves, 71, 84, 85 
Brinkley-Kirkwood theory, 123 
constant energy blast waves, 109 
converging blast waves, 192 
finite strength blast waves, 144, 146, 152, 155, 
157, 161-162 

as function of shock radius, 76 
implosions, 165, 171, 180 
perturbation solutions, 144 
weak shocks, 48, 53 

Shock tube problem, 88-91. See also Homentropic 
explosions 

non-steady expansion region, 89-90 
non-steady flow, 89 
Shock velocity, 21, 23 
blast waves, 80 

constant energy blast waves, 109 
converging blast waves, 183, 188 
finite strength blast waves, 137, 151 
implosions, 171 

shock propagation in non-uniform cross sectional 
area tube, 59 
Shock waves, 20-26 
Chapman-Jouguet solution, 28-29 
detonations and deflagrations, 26-30 
equations across detonation waves, 29 
Hugoniot equation, 22, 24, 25 
in non-uniform cross sectional area tube, 56-66 
Chester’s theory, 56-60 
Chisnefl’s theory, 60-64 
Whitham’s theory, 64—66 
planar, decay of, 41-45 
Rankine-Hugoniot equations, 26, 28—29 
Rayleigh line, 21, 24, 25, 27, 29 
strong shock limit, 24 
Shocked density, 24 
Shocked state, 25 
Shocked velocity, 25 
Similarity equations 
blast waves, 75-78 
implosions, 167-168 
Implosions, 171 
implosions, 173 
integrals of, 75-78 

planar, cylindrical and spherical symmetries, 87 
Similarity solution, 66 
Simple waves, 9, 17, 34,41, 45 
Singularity equation, 175 
Snow-plow approximation, 102-120 
basic equations, 102-107 
equation in Lagrangian form, 103 
explosion of finite spherical charge, 113-115 
particle velocity, 104 
piston driven explosion, 115-120 
pressure, 104 


snow plow solution for constant energy blast 
waves, 107-113 
zeroth order solution, 104, 105 
Sonic singularity, 165-166, 169 
Sound speed, 2, 2. See also Mach number 
across shock, 64 
homentropic explosions, 87 
implosions, 167 
isentropic flow, 3 
piston problem, 19 
temperature profile, 79 
Specific heat, 2 
Spherical blast, 82, 83 
Spherical piston, acoustic radiation, 11-14 
Spherical shocks, 1 67 
Spherical waves, 10-11 
asymptotic pressure decay, 133 
Stationary shock, 20 
Strong point blast waves 

closed form solution for strong point blast, 78-81 
decay of shock overpressure, 73, 75, 83 
density profile behind blast wave, 73, 72—75 
energy integral, 70-75 
explosion length, 71, 72, 85 
integrals of similarity equations, 75-78 
properties of constant energy blast, 81—83 
shock decay coefficient (theta), 69 
shock particle velocity decay, 72, 74 
shock temperature decay with radius, 71 
shock trajectory, 71, 85 
similarity variables, 68 

temperature profile behind blast wave, 74, 79, 
72-75 

time exponent of shock trajectory, 76, 84, 85 
vacuum interface, 82-83 
variable energy blasts, 83—86 
Strong shocks, 24, 26. See also Weak shocks 
boundary conditions, 104 
converging blast waves, 182 
density ratio, 102 

finite strength blast waves, 156, 159 
implosions, 168, 171 
piston driven explosion, 96 
Rankine-Hugoniot equations, 69 
shock propagation in non-uniform cross sectional 
area tube, 65 

Taylor, G.I., 54 
Taylor wave, 92 
Thermodynamics, 1-2 
Triangular shock pulse, 31, 37-40 

Uniform region, 7—9 

Variable energy blasts waves, 83—86 
similarity solution, 75, 83 
Velocity potential, 49 
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Velocity profile 
implosions, 175 
piston driven explosion, 119 

Waves 

acoustic, 9-11 
deflagration, 26-30 
detonation, 26-30 
finite amplitude, 14-16 
shock, 20-26 

Weak shocks, 31—55. See also Strong shocks 
Chandrasekhar’s solution, 38, 35-37 
decay of piston driven shock, 45-48 
Friedrich theory, 31, 41-45 
Oswatitch solution, 31, 37-40 
Pfriem’s formula for, 33 
properties of, 31—35 
pulse width, 39—40 


and simple waves, 34 
transition, 22 

Whitham’s modified acoustic theory, 48-55 
Whitham’s theory, 31 

Whitham’s solution for weak shock decay, 48—55 
modified acoustic solution, 49 
Whitham’s theory, 60-62, 64-66 
area-Mach number rule, 65 
converging shock solution, 65 
shock trajectory and characteristic equation, 

64 

strong shock propagation in density gradient, 66 
weak shocks, 31 

Zero particle velocity, 151 
Zeroth order density, 105, 109 
Zeroth order equations, 104, 105, 106 
Zeroth order pressure, 109, 119 



